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EXAMPLE 1. Two wood beams cut from the same timber are arranged as showp
in Fig. 9.6a, the free end of the cantilever DC being supported at the middle of th,
simple beam AB. Both beams are horizontal and at right angles to one anothey
Find the vertical deflection 8. at the point of contact due toa vertical load P applieq
to the end of the cantilever as shown.

Frc. 9.6
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SOLUTION. Let X represent the magnitude of the foree with which the two beayyg
interact as the point of contact. Then the cantilever has a net load P — X a g
end, Fig. 9.6b, and the deflection of this point, from Case 1 of Table 8.1, become

p-Xxr
- T 3EI

At the same time the mid-point of the beam A B is subjected to a downward force X
and deflects by the amount

&,

5 = X(20)3
© 7 48EI’
by Case 6 of Table 8.1. Since these two deflections must be equal, we obtain
Pp_X_X
3 3 6
from which
2
X = =P.
3P
Substituting this back into either of the deflection expressions gives
’ "o _ Pl
5C“ES'“‘SC‘QEI

This assumes, of course, that there was contact but no pressure hetween the two
beams at C prior to the application of the load P.
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EXAMPLE 2. A cantilever beam ABC is built-in at A, propped at B, and carries a
load P at the free end as shown in Fig. 9.7. Find the magnitude of the redundant

reaction at B.
P
;‘ /Z = g —
94 8 vC

4 A

(a)

P
po e |
g T\‘
(b) Rg c

Fia. 9.7

SOLUTION. Replacing the support at B by the reactive force Bz, we obtain as our
primary system, the cantilever beam AC loaded at B and C as shown in Fig. 9.7b.
From Case 1 of Table 8.1, the downward deflection of point B due to the load P is

0's Pl Bd+a) —1.

T GEI
Likewise, from Case 1, the upward deflection of point B due to the force Rp is
oo Ralt
# 7 3EI

Since the net deflection 8’53 — 8"’ = 0, we obtain
Pl? Rpl3
or7 (A3~ 3pr =

0,

3
from which Ry =P (1 + 5?)

Using this value for Rz, we find for the positive bending moment at the built-in

end of the beam
M4 =R3l—P(a+l) = {;SI.

=t



PROBLEMSET 9.1

1. Find the redundant reaction Ep for the beam AB uniformly loaded as shown
in Fig. A by taking the cantilever built-in at 4 and free at B as the primary system.
Ans. Rp = %wl.

z w per unit length """
ERRENNRRRRRRRREERNES A B

: 7
7 Y @7’ M ] 7
/Z 8mcl( ,Z J

1
r

N\

Fic. A~ Fia. B

2. A propped cantilever beam is subjected to the action of a couple of moment
M 4 at the end A as shown in Fig. B. What reactive moment M p will be induced at
the built-in end B? Ans. Mg = M /2.

3. Referring again to the propped cantilever beam in Fig. B, find the maximum
deflection produced by the applied couple M4. Ans. Smax = M 2/27EI at z =

/3.

P P P
A c l g AA l 8 Y
s ]
Ak O o 7 l - 797,

|
L—‘U e ""“‘*! ? ' Z o
Fic. C Fia. D

4. Find the redundant reaction K, at the support A of the statically indetermi-
nate beam supported and loaded as shown in Fig. C. Ans. Ry = P/4.

5. Find the redundant moment 314 at the built-in end 1 of the statically inde-
terminate beam supported and loaded as shown in Fig. D. Ans. M4 = P(8a — 3l)/

16.
6. Find the redundant reaction R4 at the support A of the statically indetermi-

nate beam supported and loaded as shown in Fig. E. The beam is continuous at C
and its flexural rigidity is constant throughout. Ans. R4 = 3Pa/2L

IR
i
h

| |

L ¢ A 8 5 14 —ﬁ&—
| 5 f 3 -
“<——o ‘*L—————,t —_— ; X S

Fic. & Fic. F



7. A cantilever steel beam A B is built-in at A and supported at B by a vertical
steel tie-rod BC as shown in Fig. F. Before the load P is applied at B, the tie-rod is
just taut but without initial tension. Find the tension S in the tie-rod after the load
P is applied at B. The beam has flexural rigidity £I and the tie-rod has tensile
rigidity AE. Ans.

— P .
T 14 (3hI/AD)

8. Referring again to Fig. F, assume that the load P at Bisremoved and that the
system is free from stress at temperature T = 21°C. Then if the temperature drops
to-18°C,what tension S will exist in the vertical tie-rod? The beam has a rectangular
cross-section 7.5 cm wide by 2.5 cmdeep and the tie-rod has a circular cross-section
of diameter d =0.5 cm. The coefficient of thermal expansion for the tie-rod is «
= 12(10)-6 cm/cm/°C, E = 2(10)¢ kg/cm?, for both beam and tie-rod,and [ = h =
25 cm. Ans. S = 35.5 kg.

9. Referring to the system shown in Fig. 9.6a, assume that the concentrated
force P at C is replaced by a uniformly distributed load of intensity w between D
and C. In such case, find the force X transmitted from.one beam to the other at C.
Both beams have the same flexural rigidity EI. Ans. X = wl/4.

10. Find the reaction R, at the support A of the continuous prismatic beam
supported and loaded as shown in Fig. G. Ans. R4 = P/4, up.

S

A 8 c o e a1 11 e
e o M o 4 N T
}e*”g R T Y Lz 1 y, 2- !
Fia. G ’ Fia. H

11. Find the reactions R4 and Rp at the two ends of the continuous prismatic
beam supported and loaded as shown in ¥Fig. H. Ans. E4 = wl/45; Rp = wl/36.

12. The continuous frame ABC shown in Fig. I 1s built-in at A, redundantly
supported by a roller at C, and subjected to the action of a horizontal force P at B.
Find the reaction R at C, neglecting axial extension of the vertical member AB.
The flexural rigidity EI is constant throughout. Ans. K¢ = 3P/8.

le ,Z f

il ¢ o [T
T e i !
: |
- |
4
i
!

Fic. 1 Fia. J

A 4 o |
727220 H =277 77/%_1_/_/

2f



13. Solve the preceding problem if the concentrated force P at B in Fig. I is
replaced by a uniformly distributed load of intensity w along the vertical member
between A and B. Ans. Re = wl/S.

14. The continuous frame ABCD shown in Fig. J is pin-supported at the lower
end of each leg and carries a uniformly distributed load of intensity w on the hori-
zontal member BC. Each member has length ! and flexural rigidity £7. Find the
horizontal thrust H at each support. Ans. H = wl/20.

15. Referring to Fig. 9.6a, assume that the cantilever beam extends beyond C
with an overhang of length ¢ and that the load P is applied to the free end of this
overhang as in Fig. 9.7a. In such case, find the force X transmitted to the lower
beam AB at its mid-point C. Both beams have the same flexural rigidity EI. Ans.
X = P2l + 3a)/3l.
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exaMpLE 1. Construct bending moment and shearing force diagrams for the
continuous three-span beam under uniform load of intensity w as shown in Fig. 9.9a.

The three spans are equal and the beam is of constant cross-section.
w per unit length

HENREERERERENERENERENARN
N Ny AN N5
]

_ (a)
Tz_ l'“ '.am. - ”“T
wl 2
1; “' ‘a’ "a"‘iii ..\ 5
(b)
05wl 06wl

04wl
+
P\D\ JHIU

-05w.l
(c)
Fig. 9.9

SOLUTION. For a s1mple beam under uniform load, the bending moment dlagram
is a parabola with maximum ordinate wi?/8. The area of the parabolic segment is

-06wlh

wit  wl
4= él 8 12
and its centroid is at mid-span, so that a = b = /2. Considering now the first two
spans on the left and noting that M, = 0, eq. 4-2.1 becomes

13 3

0+ 2M, (2) + M = —3“;1— - %' ()

From conditions of symmetry, it is evident that A7, = M, and eq. (e) gives
M= —wl*/10 = M, The complete bending moment diagram as shown in Fig.

9.9b can now be drawn.
From eq. 4-9.3 the reaction at support 1 becomes

wl  wl wl 11 zbl

1 = 5 ry

2 2 10 10

From symmetry, we conclude that I, = B, while &y = R;. Then since R, -
Ri+ R:+ Ry = 3wl, Ry = Ry = 4wl/10. Having the reactions, the shear diagram

is constructed as shown in Fig. ¢.9c¢.



exampLe 2. Construct bending moment and shearing force diagrams for the
continuous three-span beam loaded as shown in Fig. 9.10a.

P
P
H
1 2 3
AN D
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0
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L £ > iﬂ’l*f—ﬁ——al

(a) S~ @
01PL P'Z/q
- L

——cT I [ [
C025PL l 06FP
(b) +
0.025P l
‘ [T |
11
-0.125P '['
(C) -04PFP
Fic. 9.10

and its centroid is at mid-span so that a = b = {/2.
Writing eq. 4-1.1, once for the first two spans on the left and again for the last two
spans on the right, we have

0 4 2M,(20) + Ml =0,

L

3PI ()

Ml + 2M4(20) +0 = 0 — =

These simultaneous equations are easily solved for the bending moments M, and
M, and we find

Pl Pl
M, = +;6 M, = 10
The corresponding bending moment diagram for the entire beam is shown in Fig.
9.10b. The maximum bending moment occurs under the load P and has the value

Using eq. 4-2.3, the reactions R, and R
at the intermediate supports are found as
follows

P P P P 29
R, =04 = 4 — 4 — 4= 42
: +2+40+10+10 +40P'

Then with the entire beam as a free body,
we find By = +P/40and R; = +16P,"4b.
The shearing force diagram may now be
constructed as shown in Fig. 9.10c.
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EXAMPLE 3. Construct bending mo-
ment and shearing force diagrams for the
continuous beam shown in Fig. 9.11a,
which overhangs the right-hand support
and carries a load P at the free end.

A R )

[
I
|

N

-|14
|
|
I (b)
|
!
|
|
]
! 3P
(T 1T -
NN _9F
(¢c) 14
Fic. 9.11

SOLUTION. Writing eq.a-2.! for the two
. djacent spans 01 and 12, we have

Mo + 2M,(2) + Ml = 0. ()

Then since the left hand support is built-in and there are no external loads on the
first span, eq.4-1.2 gives M, = —M,/2. It must be noted also that A, = — Pl/2
since the beam freely overhangs the last support on the right. Substituting these
values into eq. (g), we find M, = +PIl/7. Then My = —Pl/14 and M, = —PZ/Z.
The corresponding bending moment diagram is shown in Fig. 9.11b. From statics,
the reactions are now found to be Ry = +3P/14, R, = —12P/14, R, = +23P/14,
and the shear diagram is as shown in Fig. 9.11c.
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PROBLEMSET 9.2

1. Find the bending moments A7, and 3, at the supports 1 and 2 of the three-
span continuous beam loaded as shown in Fig. A. Ans. M, = —22P[/405, M, =
—32P1/405.

2. A uniform three-span continuous beam with overhanging ends carries a
uniformly distributed load as shown in Fig. B. Find the ratio a/{ in order to make

the bending moments at the three supports all equal. Ans. a/l = 1/\/6 = 0.408.

P
£ w per unit len
o TARE s e
-, oN O R A s b
P P S W S A
Fic. A Fic. B

3. Referring again to the beam in Fig. B, find the ratio a/l in order to make the
reactions at the three supports equal. Ans. a/l = 0.44.

4. A two-span continuous beam with overhang at the right hand end is loaded as
shown in Fig. C. Calculate the reactions at the three points of support. Ans.
Ro =416.7 kg,up; R, = 1,375 kg, down; R, =458.3 kg.up.

5. A two-span continuous beam built-in at the left end is loaded as shown in Fig.
D. Calculate the bending moments at the three supports. Ans. Mo = - 857
kg'm; ﬂ{l = - 1,714 kg-m; M2 = (.

1,000 kg

’ }‘fl m— ) 1,500 kg/m
77277 : 4@’1“ ngr , 0 T TTTITIT T e
| 7 500 4 7 s
}-——lm l 2 m <—1 m kg e 4 m AJI 4mh"
Iig. C ' Fie. D

6. The right-hand span of a continuous beam carries a uniform load of intensity
w over half its length as shown in Fig. E. Find the bending moments at the two
intermediate supports. Ans. M, = Twl?/960; M, = —28wl?/960.

7. Construct bending moment and shear force diagrams for the continuous
beam shown in Fig. F. dns. M, = My = 4 532.5kg-m; Ry = K3 =5,355 kg,
By=R;= —1905kg.

3t U
0 1 2 ] I { ] 13 J’ 0 1 l f i I ] 12 3
L——,Z % L I /Z———»l IIT1>L—I.5 m->L~1.5 m ‘*LI.S m«»LI m—j

Fre. I g, F



8. Calculate the bending moments and reactions at each support of the con-
tinuous beam in Fig. G. Ans. M, = —193.1kg-m; A/, = — 467.4 kg-m; M, =
—206.5 kg-m; Ry =—193.1 kg; Ry=+1,343.5 kg; R = +3,1105kg; Rs = +1,876.8
kg; Ry = — 137.7 kg.

9. Calculate the bending moment M, and the reaction Ry at the built-in end of

the continuous beam shown in Fig. H. Ans. M, = — 1,649 kg-m; Ry = 1,545 kg.
2t
1«1 m t—— 1,000 kg/m
il ’TTHTTTFDTHH LT l 1]

0 1
A b '
L—lm——L'ISm-—l«lm*L-lsm—J §<—5m— % 4 m ‘er»‘

Fie. G Fiac. H
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31 9-3.1

P ° g do o 9 2 A . Y P O o

A399A N0 IR Ul PuFaduuesnsy FINOEY  superposition  1FAUNTTALT 1R WA
. W ' ¥ W

A oa NazeyluszuvveinisedosmAuauinssiunsyiua lutuduuselassnse ¥

ABAIUADUNAY NLINUTINNTER UMDY
I
U=—(P,0,+P,0,+P0, +..) (9-3.1)
2

de 0,,0,.0,, ... Wuszeznsusuven 123, ludirmawess P, P, e, L e

o o v g 3 ' ] 1o & Y <3 ' 3
dwy  wazdeudrledien 0,.9,.0, ... ludulludesiumisusuimaaveann 123, 15

= =y ] :», A a 3 7 a Y
ﬂﬂLﬂWWZiumﬂ‘Vﬂi‘U@@&ﬁQW\THU UDINNLIITUUAN 6, , 62 “es |.1J‘L!ﬂ\3ﬂ"fﬂ!i‘]i\7!f’fuellﬂx‘l PP

o
<

deudusumy O, , 0. ... lwmewwes P, P, P, ... mumi 931 iy

a s

P, ...
L} g
homogeneous quadratic function VYBIUTANAIUU
v Y i
auuAhmasnnfidmdn P nsgidoamudl uazAvesnAsunasoafiazasoglu
‘o 2 LY < o g & 1
AUIAL U auaums (9-3.1)  mwiuss Pooadvwe dp deazi ldaiuddeugduniy
) o a oa g v 2 Y oY ad & o o =
MBINALIUANMAT safiazay NsznIumu il vinaiwiniuzsinudaiininldeuvng

o o ' - o = g g Y
U guit P, auiudnuiinees P, wasuauns va lviifaziny

ou
U+ ——.dP, (4)
op.
d' [ =1 o ¥ ld?’ [ ) o [l o
iinsninndsnuanung oaluasugame Wiuegiunsewsddanszinauma 131
auuflniduewse dP, nsgiineuudAeeinsy PP, P ... nazdhiiiude o ap nszh

a J ' JREPN a;’ s v g s I s s Qy qs
WONDUTEEZMTUAUANATHILTIANIDUNIN 9 NAINUANMATIATY sccond  order 3 3datialalla

- o ¢t ¥ rey = o =t t
Woswowss PP, P nsziiaelasiaiiges WENAn dP WIDWASILRIILN T oRa
@ . - ' oA ' - c -

M U milownsuan  sowsifssndwdisuewss PP, P nazihasagaiiiuse ap,
ngiognoundivsiscozmsnlfvuduniye O, AR P, P, P L Wi undn ey

w o
=< t W N o ~ =1 1w
VuazIny dp_ .0, wasnunnunioalunsaifiaziming

U+dp.O (5)

n

’& ~S 1 o s -~ o l;‘
FIDLHA WA DNAIOTA AT oAl (3) U

38



A
ou
U+dP.0, = U+ ——dP,
or
n
2z 14N
ou
S = — (9-3.2)
op,

Y Y o Lo £ Yy wa - Ve gy

aumat Ididunguves castigiano  F30199zna 1 ldh “lussuuanudanguinduhlamnguos
o 'R o =y 4 < <o o a =t I

superposition  1AI0YNUBIBEYDL WAINUANLAS vAEF U S TURGITo WUl Honduuse

& Vo Ve - o ' o o -
lagsanialugsavaniu szohnumvesssozmatlasudnmiosgaiusanseii lufemiave s g
02/’ o @ P a A o o @ = o a @ -
TU AU BI9THINODAUITINT I 9 W5 B LUUARANS B lLUATA YusReIty “szosnisl oy
° ) I~ P ] = Aaa v gy ¥ Ya a 3 P
FMUMUI”  ABIDITNUBDNTZ oM IUOUNI BYUNTA 11U 10 lag THiNamemuns 9y 9 uazusans
' p=:d qy [~ o Py .43‘ o A ' aaa 3 d? rar s 3
na1Inetoniuns eI lUvUNUUs Y 9 1ae ALY U VURYNUNITZAITLLS 9

aaa * d’ os d’ dy
Ufnsees linoaduieeting

39



40

EXAMPLE 1. A simply supported beam with overhang is loaded as shown in
Fig. 9.13a. Using the theorem of Castigliano, find the vertical deflection of point C.

Pa
'Z é
4 Y

Fic. 9.13

soLuTioN. The bending moment diagram for the beam is shown in Fig. 9.13b.
Between A and B, a general expression for bending moment at any distance = to
the right of 4 1s

P
M.= -7 (£)
Between B and C, the bending moment at any distance x to the left of C is
M, = —Px. (g)
Using the first of eqs. %-4.2 , the strain energy of bending in the beam becomes
Il a :
P?a?z? Pz Pla?
U= ]0 omre @ ]0 25T~ 6EI T Y- (h)
Then from eq. 9-3.1
2
U _ 2% 110,

~ 9P 3EI



exampLe 2. The axis of a cantilever ring, built-in at B and loaded at the free
end A, forms a horizontal quarter circular arc of radius R, Ilig. 9.14. Find the

vertical deflection § of the free end A, assuming the ring to have a circular cross-
section the diameter of which is small compared with the radius R of its center line.

Fle. 9.14

soLuTION. Such a curved cantilever is subjected to torsion as well as bending.
At any cross-section D, defined by the angle 6, we see that the bending moment is

My = PR sin 6, ()
while the twisting moment on the same cross-section is
Ty = PR (1 — cos ).

()
The total strain energy due to the combined bending and torsion of the ring is

"7i2 2 RO (72
v=| Y /

Ty* Rdf
o 2]

267

Then by eq. (9.5)

oM T
o [ M,,<—5];’3>Rd8 [ T0< ——">I€d0
5, = 2= = A .. A
/ )

3U aP , K
9P EI Jo Gl w
where, from eqs. (i) and (j),
aﬁ‘[g . 4
P R sin 4, (")
0T,

Eyr i R (1 — cos8). (9
Substituting (1), (§), (i), (j), into eq. (k) and performing the indicated integrations,
we find

5 = PR (3w —§) PRY
YT 4Kl 4G/
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EXAMPLE 3. A simple truss composed of two bars each of. length [ carrie§ a
vertical load P at joint A as shown in Fig. 9.15. Find the horizontal and vertlpal
components of the total deflection & of point 4. The bars are of the same material,

AB having a cross-sectional area A and AC, a cross-sectional area A, = 24.

Fic. 9.15

soLUTION. From statics, we see that the tensile force in the bar 4B and the
compressive force in the bar AC are each equal to P. Hence the strain energy in the
system is
P i Py 3Pi
T 24E ' 24\E  44F

{

Then, for the vertical component of the deflection of A, we have

, _0U _ 3P
0P 24E
To find the horizontal component of the deflection of joint A, we introduce at 4
a fictitious horizontal force @ with respect to which we can differentiate the strain
energy expression. With this force acting in addition to P, the strain energy

becomes

_ QB+ P QNS =P

7
‘ 2AE 22 E

Then from eq. (9.5)

_ U _ (@ + P/\B)

Q- 24E

For the case in which we are interested, ¢ = 0 and the horizontal component of
deflection becomes

6 h

Pl
T o2V3 AR

6 h
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EXaMPLE 1. Three bars each of length [ and pinned at their ends are arranged in
a vertical plane as shown in Fig. 9.17. The vertical bar has a cross-sectional area 4
-and each inclined bar has cross-sectional area 4. A vertical load P acts at joint C
and it 1s desired to find the ratio A1/A of cross-sectional areas to make the tension in
DC numerically equal to the compressive forces in AC and BC.

X

1

0

Y
44 450 P 450 B
Y27 4

Fig. 9.17 -

SOLUTION. Let X represent the tensile force in DC, chosen as the redundant bar.

Then the compressive force in each inclined bar is (P — X)/V2 \/_ Thus the strain
energy of the system becomes

(P — X)U

U=3iz 9A E

In this case, the end D of the vertical bar must have a displacement equal to zero.
petice, from the Castigliano theorem,

aU Xl (P —-X)

— = — — 0 =,
dX = AE AF
: : r .
irom which N = : éi &)
* A
?jhe statement of the problem requires that
P—-X |
X="1%" (h)

Bliminating X between egs. (g) and (h), we find 4,/4 = /2.



EXAMPLE 2. Two wood beams of identical cross-section are supported at their
ends and cross at their mid-points as shown in Fig. 9.18. When unloaded, they are
just in contact at C. What interactive force X will exist between the two beams at
C when a vertical load P is applied to the upper beam as shown?
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soLuTION. The net downward load on the beam AB is P — X : that on the beam
DE is X. The total strain energy in a simple beam loaded at the middle by a force
Q is, from eq. (h), p. 222,

_ Q‘Zl:i
U= G6E7
Thus the strain energy in the two beams becomes

(P = X)W X%d .
~ " 96EI 96 LT ()
Regarding the pair of interactive forces X as a generalized force and observing that
the corresponding displacement is the relative displacement between the mid-
points of the two beams, which is zero because they remain in contact at C, we have
by the Castigliano theorem

aw _ (P-X) Xa*
ax 4817 48T

U

0,

P

from which XY= —r
! 13+a3
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ExaMpLE 3. To reduce deflection, a simply supported wood beam A B, loaded at
the middle, is trussed by steel cables AD and BD and a post CD arranged as shown
in Fig. 9.19. Neglecting axial shortening of both the beam and the post, find the
compressive force X induced in the post. The beam has flexural rigidity 727 and the
cables have cross-sectional area A, and modulus of elasticity 72,.

) £ N £ N
2 2
4
i : ?
% 7 ¥ /
Fre. 9.19

soLUTION. The net downward load on the middle of the beamis Q = P — X and
the tension in each cable is S; = X/2 sin a. Hence, neglecting strain energy of
compression 1n the bearn and post, the strain energy of the system is

Qs S1¥,
U = .
o621 T ° <2AIEI>
Substituting for Q and .S, and noting that [, = il sec «, this becomes

(P — X)¢ XU sec a
96 K1 84,F, sin? «

U=

Novw shortening of the post is the generalized displacement corresponding to the
compressive forces X and we have specified that this is to be neglected, i.e., that it
1s to be taken as zero. Hence, the Castigliano theorein gives

dU. (P = X) Xl sec a

dX ~ 48EI 4A4,E, sinte
) P
from which X = D eeoa Bl

I?sin? @ A E,

Taking o = 20° and E[/A 1% = 0.01, this gives X = 0.478P. In such case the
deflection of the beam will be reduced by approximately 50 per cent.



PROBLEMSET 9.4

1. A prismatic beam AB with built-in ends and span ! carries a single concen-
trated load P at the middle. Using the theorem of Castigliano, find the bending
moments M 4 and My at the ends of the beam. Ans. M4 = Mz = —Pl/8.

2. Repeat the solution of the preceding problem for the case where the beam
carries a uniformly distributed Ioad of intensity w over the full span. Ans. M, =
11[3 = —’U)l2/]2

3. A continuous prismatic beam having two equal spans [ carries a uniformly
distributed load of intensity w over one span only, as shown in Fig. A. Find the
reaction X' at the middle support by using the theorem of Castigliano. Ans. X =
5wl/8.

w/unit length

AT T e 2 ( »[TTITITITT]
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4. Using the theorem of Castigliano, find the bending moment /¢ at the middle
support of the two-span continuous beam loaded as shown in Fig. A. Ans. M¢ =
wl?/16.

5. A propped-cantilever beam of uniform cross-section carries a uniformly dis-
tributed load of intensity w over the right-hand half of the span as shown in Fig. B.
Using the theorem of Castigliano, find the magnitude of the reaction R at the
propped end of the beam. Ans. R = Twl/128.

6. A thin semicircular arch ring of mean radius E is pin-supported on unyielding
foundations at its ends A and B and carries a vertical load P at the crown C, as
shown in Fig. C. Using the theorem of Castigliano, find the horizontal components
H of thé reactions at A and B. Ans. H = P/mw.

v
z N A4
18
Y o —
----- — R 4 ' YP
Fig. C Fia. D

7. A thin circular ring of uniform cross-section and mean radius 2 is subjected
to the action of two equal and opposite forces P pulling along a diameter AB. Us-
ing the theorem of Castigliano, find the bending moments 47 induced in the ring at
the ends of the diameter which is pernendicular to AB. Ans. M = 0.182PR.

8. In Example 3, the strain energy of compression in the beam and post were
reglected in ealeulating the compressive forece X in the post. Caleulate this com-
sressive force X more exactly by taking account of the additional strain energy of



compression. Use the data given in Example 3 and assume, in addition, that the
post is cut from the same piece of timber as the beam with AE = 44,E,. Ans.
X = 0427P.

9. A wood cantilever beam1.5m long and having a rectangular cross-section10 cm
wide byl5scm deep is built-in at B and supported at 4 by an inclined guy wire, as
shown in Fig. D. The beam has modulus of elasticity 14(10)* kg/cm®, and the guy
wire has modulus of elasticity 21 (10)® kg/cm* and cross-sectional area A, = 0,333 »
sq cm. Find the tensile force S induced in the guy wire due to the vertical load P
applied at 4. Ans. S = 1.48P.
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EXAMPLE 1. A two-span continuous beam simply supported at 4 and B and
built-in at C carries a uniformly distributed load of intensity w over its entire length
(Fig. 9.22a). The beam has an ISMB 300 section for which the plastic section
modulus Zp = 648.9 cm3. Calculate the limit intensity wy, of the load for com-
plete collapse of the system. .

w kg per m
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SOLUTION.

Assuming a yield stress oy.,. = 2,500 kg/cm?, the corresponding plastic bending
moment becomes

pp = 20X 16902 kg

In the completely elastic condition, the bending moment diagram for the bead
will be as shown in Fig. 9.22b. From this, we see that plastic hinges are:likely
gem first at the supports C and B. After these hinges form, the system, on further
rease in load, behaves as two simply supported beams 4B and BC, until another
stic hinge forms, either at D or at E. Let us assume that D will become the next
P;];,1stic hinge. Then the right-hand span becomes a mechanism and the limit load
has been reached. At such time, we have for equilibrium

. Z'Z
My = ﬁ)é‘— — Mp = Mp,

gom which

_ 16Mp 16 x 16,222

T v e 16,222 kg/m.

wL

With a plastic hinge at B, the reaction at A will be wl/2 — M p/l and the shear
jgree at any section distance z to the right of A becomes

Then to find the section of maximum bending moment in the span 4B, we set this
gxpression equal to zero and obtain

l
TS T w ©
The corresponding bending moment at E is
wl  Mp wx?
Mg=\7——))——
z (2 l )x 2 (d)
Substituting the value of & from eq. (¢) into eq. (), we obtain

u,'[z "1111 Jj P
oo = — — —= — .
Me="g 3 (1 wl"’)

Taking w = 16,222 kgperm | =2m, and Mp = 16,222 kg-m, this gives My =
2,028 kg-m. Since this is less than Mp =16,222 kg-m, we conclude that the righ;.
hand span does collapse first and that wy, = 16,222 kg/m 1s the limit load intensit,
for the continuous beam. y



PROBLEMSET 9.5

1. A two-span continuous beam carries a uniformly distributed load as shown in
Ing. A. If Mp is the plastic moment for the cross-section, find the intensity w; of
the limit load. Ans. wy = 11.664{p/12

2. The continuous beam in Fig. A has a rectangular cross-sections em. wide by
10 cadeep, and I = 2 m. The material is structural steel with a yield stress o, ,,. =
2,500 kg/fecm®.What is the numerical value of wr? Ans. w, = 9,110 kg/m.

3. Calculate the himit value P for the statically indeterminate beam shown in
IMig. B, if the plastic moment M p for the section is given. Ans. Py, = 6M /.

w per unit length l
[LIUJHIIIIHFHIIH]I 44 D B8 yC
. M S S S ST

Fic. A Fic. B

4. Calculate the limiting value Py, for the beam in Fig. B if the load at the end of
the overhang is P/6 instead of P/3. Ans. P, = 7.2Mp/l.

5. If the statically indeterminate beam in Fig. B carries a load P at D as shown
and a load «P at C, what is the value of @ to make the limit value of P a maximum
and what is this maximum value? Ans. Pr = 8Mp/l when « = L. .

6. A cantilever beam AB built-in at B is supported at A by a tie-rod and loaded
with a force P as shown in Fig. C. The beam has a rectangular cross-section 5 cm
wide by 2 cm deep, and the tie-rod has a circular cross-section of diameter d. Find
the minimum diameter d of the tie-rod required to develop the full collapse load
Py for the beam. Both beam and tie-rod are made of structural steel with a yield
stress of 2,500 kg/cm2.Ans. d = 0.252 cm.

7. If the load P in Fig. C is applied at A instead of at C, what will be its limit
value to produce collapse of the system? The tie-rod has diameter d = 0.2 ¢m, and
all other data are the same as given in the preceding problem. Ans. P, = 141 kg.

8. Calculate the collapse load P for a beam with built-in ends and loaded at the
middle as shown in Fig. D. The beam has a depth of 20 cm, web thickness 0.54 cm,
flanges 9.42 ¢cm wide and 0.81 c¢m thick and a span [ =3m. The material is structural
steel with a yield stress of 2,500 kg/cmz Ans. Pp = 9,933 kg.
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9. If the beam shown in Fig. D carries a uniformly distributed load of intensity
w instead of the concentrated load P, find the limit value of w. Use all data as given
in the preceding problem. Ans. wy = 6,622 kg/m.

10. A continuous frame A BC built-in at A and supported by a roller at C is sub-
jected to the action of a horizontal force P at B as shown in Fig. II. Calculate the
limit value Py, of this force if the uniform section of the frame can develop a plastic
moment Mp. Ans. Py, = 2Mp/L.

Pt ¢
[ L | P P
X 4A
Figc. E Fia. ¥

11. Referring to the continuous frame shown in Fig. E, assume that instead of
the concentrated force P at B there is a uniformly distributed horizontal load of
Intensity w acting to the right on the vertical member AB. In such case, find the
limit value of w necessary to produce complete collapse of the frame. Ans. wy =
4Mp/l2.

12. A thin steel ring of mean radius R is subjected to the action of two forces P as
shown in Fig. F. The cross-section of the ring is such that the plastic moment is M p.
Find the limit load Py for the ring. Ans. P, = 4Mp/R.

13. If the horizontal force P in Fig. E acts at a height h above the ground level
A instead of at B as shown, what will be its limit value? Ans. Py = 2Mp/h.

14. In Fig. 9.19, p. 256, the beam AB is a steel bar with a 2-cm X 2-cm-square
cross-section, the post €D is the same, and the cable ADB is a steel wire having
diameter d =0.2 cm.The angle « = 20° and the span [ = 2 m. Calculate the limit
value of the load P if both beam and cable have a yield stress 0f 2,500 kg/cm?. A ns.
P, = 153.8 kg.
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S, S, uaz S, tuasdsznauluiud x, y Uas z %38 projection V84 stress vector S @4
Lﬁﬂ%uﬁﬁgﬂ P uw AA @5 1anteas 7 15w unit outward normal fnuali cos(A.B)
WNUFT cosine YBINUITUIN vector A LAz B lagiaanfianisuinued vector A U
FANIUINT89 vector B aziiu

cos{S, x) = S§,/S

cos(S, y) = Sy/S

cos(S, z) = S,/S
as s’=s +s,%s, (1-1.1)

WNUALIATUEN stress vector S aaniu 3 asslsznau S, S,, S, 1IH9193TULN
P Ps - < [ HA o . A
stress vector S aaniduasddiznavnasannuazawiniy AA §9a5und1 anutdues
21N (normal stress) G, &auasntsznavfifevmuny AS §%ai5oni1 anandmdsu
(shear stress) T, 91031 1-1.3 azladn
2 2 2
T, +0, =5 (1-1.2)

53} O, = Scos (S, n) (1-1.3)

nguas cosine Ssusasfsnnuduiubsznitayulugy 1-1.3 fe
cos (S, n) = cos(S, n)cos(n, x) + cos(S, y)cos(n, y) + cos(S, z)coé(n, Z) (1-1.4)
WNUAT cos(S, n) avluaNNs (1-1.3) uialEanuFuRus (1-1.1) 3 ldn

G, = S,cos(n,x) + S, cos(n,y) + S, cos(n,z) (1-1.5a)

T | ., m uaz n LIu direction cosine W84 unit outward normal 1488
I=cos(nx) , m=cos(ny) , n=cos(nz
2WU (1-1.5a) aznanenilu

G, =1S,+mS, +nS, (1-1.5b)

& ' as =i € s
31030 1-1.3 azui T, mmmmgmmnaanvlﬂmuamﬂs:ﬂau 2 asadsznau
& & o & v a4 a & "
TINANNUUUITUILYEI A BTURANVARNNATULUIZ UL (plane)la &) 3= RIUITOUN
leshoanududiniu 3 asdusznaufissandeiwiasii 8o anuidudsainsitsnaes

Usznay was anuduldaugodasnlznsy
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PBONRILNPINLLATDINHNY awnﬂamaﬂua1u11@uamihu%uuaaawaaﬁuLﬂuﬂ

a J YR Y % & @
Wadnunzwivle guzeinsounulddsanuduaiain 1 asddsznauuazanuidu

Weaun 2 a3ddsznau °L1msﬁ1maﬁ@qmw?ﬁ@ﬂ@UYTQVLULLa”m:ﬁmwmﬁmTomm 9 248

Usznoy a:afu%aa‘hL‘fjuﬁ:a:ﬁaafﬁ‘ﬁmnmummL@Tummf:lﬁﬁqw oz ldldua
Tuandinam

Mﬁmsmgﬂém?w%aﬁﬁmmmuﬁmmumu X, ¥, Z UWLAITWILUA LA L
agamasdlzney ﬁaﬁuamaglugﬂ 1-14 Taofi O \Jw anuduesain uas T W
ANUIAKLAD AWV E2DY Subscript Jeaealud

Subscript AUINUANNINRANIITBY normal vector maoszmuﬁ Stress Component

a

fum:ﬁwag}j ®21 Subscript fafigosnaniefianisvas Stress Component LWITWILE
FBHTU T, WaIBDs A douiiiianmuiuuwiuny wasnszvaguw
’if:u?uﬁ%\‘iﬁ normal vector UWIBNLLAY y  fi#NUa9 Stress ﬁLLE\I@Ja%}U%Eﬂ 1-1.4 11
fieniauaniavae ﬂQlumsﬁ@m?amwwuﬁe‘fmavlﬂfz

fmSuaunaian Waadlumndaifenesananszwy wasdvauiied
femadngszwiu f ndussandfiaudunifenit anuiduds tensile stress) uaz

ARANTURUT NN AN uda (compressive stress)

ez
{ Tiu ,‘5)("
[ ,
- — —r ‘t‘}l
I T1x t*ﬂ
! 4
T Cixg
€ I a4,
W T Xt Y
Raide -4 b Ty
, -
1 e r’“.i
Tz l
T
Z / olx): i aindesin 4 X
s tzg’ )
4
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-

ANMAWRIL Ty L Ty T o Tay T uae Ty NAnduwan dadfiane
WGOINUAANIILINTBILNY 'lumm:ﬁm:ﬁwagumzmu%oﬁ unit outward normal bufie
YIUANBILNG T unit outward normal PBITEIURA MU WAaUNTEITRiaNnIsa iy
TNUNUAALINTAINYG  AANIUINYeInNULABaawnasINaN e ssnuInunufiauIn
wagunuene anudmdousziidanduaudiadtamenauiuiufileénsuga

DIALTENAUBIA UG UTY 9 H3unuidaiSunin Stress tensor WA ML

WNHAIE
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Yy a <
1-2 TOIHSVDIANNAUNYA ] HUI
kY d’ ﬁ' v b3 a’ & A U o Y LY
RAIAUNRA ] HIN ﬂﬁ}i‘)\iﬂ’éﬁjmu'ﬂi]ﬂ"]WU\WﬁJiJﬂMLﬁﬂﬂNﬂu@ﬂﬂth U aNHYUENII
p=1 ::; 1 c,/l 9 dy & 3 q' :§ [P=1 ’ P=1 ' Y [l
BUIVVITTUIUNHUIAUU ﬂ'JEJ!,ViQL!Lﬁ%Q%:ﬁﬁm’ﬂiﬂﬂ‘lﬂ]Qﬂﬂ1’1143!lﬂﬂ‘mﬁﬂt}%‘]mﬂ'ﬂuqﬂ LRSI

v ' b4
<1 o v WY k4 . o
ﬁ?lﬂﬁﬂﬂﬂ&"ﬁ’]ﬂDWNL’gl‘J'lJ'I.J'JEL’U.”I'UVINWUQQUU lﬂ jﬂﬂfﬂﬁqﬂf unit outward normal .uﬁmﬁaammmmi

1 ¥
=3 s

= & .:; <t 1 :}, a‘l S/ v ‘-_é
L@UQqJﬂiﬁiﬁﬂ‘l_HT?@‘m?11.‘3 Uﬂ')TﬁO‘]'Ug“U'DQﬂ’NiJH?{UVIi!ﬂ'lJ.U 1]\3‘1!!31?’1@\‘1W311Jﬂ1‘1J@Qﬂ'J11JLf2I}1J“]fQ
' . 3
ATTINNIZVIVRVIUA VLAY X, y UAY 7 IRILIATUNDY
=Y d! =1 Q
‘W%Tﬁﬂﬂgﬂ tetrahedron ABCP a358U U APC, BPC 10g APB YHTMANITZUIY xz, yz 1D Xy
¥ A '
o w | Y &L = 3 J=1
ANUARY h LﬂHSZUzﬂQQWﬂmm}ﬂ P Saﬁzum ABC %33 unit outward normal ~ 1ag
cos{n,x) =1, cos(ny) =m, cos(nz) =n
;Y dyd o d’ oy o 4 v ¥ Y o
2131 tetrahedron ffivwadnaslaen b tawinlndgud 1519z ldanuduinsehuuszu
1803 ABC H11439 P

c[g/ [~ r'd cl a
7 S, S,. S, 1Hu0antsenouud stress veetor UNITUI ABC IUNAN X, y LAY z A

Dy

o o . o & A A & - 4 o
anay X, Y unx Z W body force g dA Lﬂuwumaﬁzum ABC WHNUBITSUIUBUY

v o do X a o dy
mmauwuﬁﬂuﬁuwmmszum ABC a3y '

JEU BPC= dA = 1dA
J¢UIY APC= dA = mdA
J¥UIU APB =dA, = ndA
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> i4 3
51195999 tetrahedron 1A h dA 3 11939910 tetrahedron taglunzauaansiuaunausa
[ < 4 < 7w A
luiiet x Avatlugud wude
_ Al dA
[ ZFX =0 ] SdaN+ e = G TdA+ T mdA+ T ndA

9/ 1w e
WIIANDANIY dA 1519% 1A
S-NK3 =10 +T m+T n
1199910 h —> 0
S =16, +mT_ +nT
4 o - o o I % v @ @ e
luheadoady dusisusaludin y uag z neldanuduiuiadionfdudn 2 aung
v o 4 ) Y oo A
ATTUTUNIFIAAINIAD U VDI NINAUTIIA P Ao
S, =10, -mT_+nT,
S =1T, mG_+nT, (1-2.1)
S,=1T,+mT _+nC

z

uw [ ° q ¥
NIBLI13 1-2.1 mﬁ’uﬂl“ﬁ stress tensor

()=

2 =3 t xc Nmm
4 -5 0
Tooh ¢ tuninad
(N ﬂﬁﬁﬂ’ﬂm:”i{uﬂuiwﬂﬂ %J direction cosine U814 unit outward normal 111

(1=U\3 m=13.n=-13)

Y . d’b‘
(2) WMNANVAUANIN G, 18z ANWAUDOU T, YUTZVI]

°1(1)1uwu1—1/f m=1/+3, n=—1/x/— 1INAUNIS (1-2.1)

1 I .
S, = ¥3) + (—= )1 + (-— )(4 Ne = 0N/mm”
(FErpm ey
1 1 1 — .
S, = (= 1) + (—=)2) = (=) e = 8e//3 N mw’
| ] .
=(—=)4) + (— v (-—=)0)}c¢ = -C/\EN,mm’
5 f ‘%
S = S S =65 /_\ mm oy

(2) INAUNIT (1-1.5b)



G,=1S+mS ~us,

] 1 8¢ 1 c 5

G, (=)0 -~ (—=N—) + ((—=N—-—=) = IcNmm’ no1
3 NERE NERRNE

PINTHMG (1-1.2)
’Enﬂ i an =S
) 63
T, +@Bc) = —c¢
38 ! 3

T, = yj— ¢ N/mm Ny

V3

v o 4 ; o )
aUN3VRIMTANAAVBIINGEANAM  TUMSNITMIAUMITTUARTINN AIUVDIIATATIgUY
Y Y . z 3 ¥ = = o a Ay 3 ate o
ABITOANNOY (satisfy) WU hil'iWW‘OﬁmWﬂiNWﬂiﬁLﬁaEJ?JN'LJNT’UU”PﬂLﬁﬂ"i’lﬁJ{UOUGU'lJ"luﬂ'UL!ﬂH LY.
b4 1
=} 2 2 =t 1 a = 9 ' A [ A '
nag z uaziivuia dx, dy, dz, las isAadendsuinstignanoenuinnaumriiavesdaguatigu A

r ¥
q ¥ 5 H . . - :
31U 122 Wsdim S eananogniln (, Junu partial derivative 151

0o ot
XX . ,[ . —

Zz
t Tyt Tp29%
z \ 4
Y s
|l '?'T/ Tyt T, 2% é
83-"// l p Y VG i Syt 6‘}‘5,‘* 4
dz 't(ﬁ __g"}lq‘ﬂﬁg._ — — %
Ty 4 7;‘3»?‘- // t:.t_._(/'rz>< b \“T‘Q" + ﬁx,é&\z
/ ¥ %6;1
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o v v 2 A Pt A oy qu a ~ a M o
launa l'lhl.ﬂj lll@ﬁW!ﬂa@‘lﬂ’ﬁnﬂi{]‘ﬂw“\] hjmfJﬂigG]W‘lN‘UN]G]QUﬂHQ‘U @Qﬂ’lh;’;ﬂaU’UﬂQﬂ'JTM

L= P P v } P o v ¥ v Qs e
lﬂUﬂU@iJ%31”7’71&115]{1“1“6]30 ﬁ'J’UﬂJﬁEJ'LJ"'U?NO\'lﬂﬂii’ﬂ@‘l_l‘ﬂﬂﬁﬂﬁulmuﬂ1ﬂ§$1ﬂ“ﬂ¢‘ﬂ"ﬂ.‘vﬂlx’! hjﬂ\?@ﬂ

vV 4 u’/’ I & o . . . 1 ; e . Q a
ATUNTIINAD MOUFULIY partial derivative T3l 1-2.2 1WUszUAT unit outward normal luiier y

A r:( =1 a3 Py
wiaunldowilu T dy, O dyuas T, dy udu
Ay 9 2 Ay oA Q. = ¥ o @
doulvlumsegluniigaugail 6 3oulvae usesamluiiax, y uag 2 Asumiugud uag ms

o 3 v <3 4 A
mwgaTtumwmnmmmmmamJuun ¥Io

2F = 2F = 2F,= ZM = LM = ZM,= 0

Auslhnsoulvusnisngldh
[2F =0] (0.+0, dx)dydz - O dydz+ (T +7T dy)dxdz - T dxdz -

(T, +7T,,dz )dxdy -T dxdy - Xdxdydz =0

w 1 Vv
NAIINTIUNBUAUAINITARDARY dx dy dz 15192 19

1T, X =0

G \.\_:L T;.\. z

N \

o =t @ ’ ] A
Tudhweadoanu Tenly 2F = 0uaz 2F, = 0 fagliaumsnsauganldnanmisauqauss

8
114 3 1919 A0

G\\.\+ T_\\ * Tz\./ * X = O ( ]") 23)
Tya 70, T, 7Y =0 (1-2.2b)
T.\V.\ - T,\?._\ * O-zzﬂz* ]‘ = 0 ( 1‘2 ZL)

Y = s ¥ | ' 4 = =
woanuazaIntumsfivzam s Tisudouuny x y 2 1egasiudnmannalimas

MAOUAUAIATY Body force n3E1
[ZM=0]  (T,+ T, dy)dxd2)(dy2)+ T, (dx dz)(dy/2) -
(T, .+ T‘,V\.zdz Wdx dy)(dz/2) + TA,_\(dx dvitdz/2) = 0

FIUNBUA 9 1UEIM1IAA0AAIY dx dy dz 15192 18
T,+ T (dy2)-T - T, (dz/2) = 0
Woamnua dx dy dz Dunadninn asuzumauﬁ@mﬁw dy 1A% dz AHMTomI T
YoaNoud 9 Foviu
T.-T,



\ 5 Y < o =4 o “
Ro3n dua1ld ZM = 0 uaz IM, =0 ez Idwahueadeniu agiwah ldonmsau
e &)
A0 LIIUARD
T, =T, T,=-T,.T,="T, (1-2.2d)
a‘: -4 3 ::l oo 1 [V = [ ' ::/ ot
NUUDIAYTZNOVVDIANWAUTIE 9 YD stress tensor ILHAINIIAUTLS 6 AN 1515 60
wa v .
AMNTNUAVDI stress tensor AIUTAUNTT (1-2.2d) SRRIEY SYmmetric stress tensor
P P & ' ~ e ° & e -
Body moment 11003 Tumugaaniianiiiodiings  body mement insginasaiaiania
¥
] w Y

¥ 1
wguianey uaz T ldiMeduiounnnmsdudanismenin Musadoddy body force  §10819

£l

o

- " A 4 9 v g & e A o o 15
anuanguidsznouiudseymaimandinszneeen lulas bimduawe Wedagi llaglusmuy
] g G o d? ad o o v a A ' £y 9
LV BNNYDUILLING body moment U1 Tunsaidad) body moment ¥1NTENINDINQUANYU dusle 2

M =0, ZM‘ = 0, uny ZMZ= 0 m%zxﬁu"lé’iw stress tensor 3% 14J symmetric o
[2M =0] (7, +7,, dy)dxdy2dz+ 7, dxdy/2dz+

(T, *7, (dx)dx/2dydz- 7, dx/2dy dz + Mdxdydz = 0
27 dxdy2dz + 1, dxdydzdy/2-

27, dxdydz/2-7,  dxdydzdz2+Mdxdydz = 0

v @

o et - ' = 4
AAMDUNI dx dy dz HlouAUgInI sz Ndnieeuin 1z ld

U

Syy

A
___xrﬂ"

T4 = Tyx+ (1
gxx “—JL " F——v 8wx rxé I

-

1

Syy
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31 1-2.4

e lyuouIunueIn MR (Stress Boundary Conditions) e ngdangugnaszidionss

1 Y 3.9 P Jd Y b ¥ o
mauammzagiumazama 131"lmmm1_11muumamamlizﬂaummmmmuﬂzmaﬁaﬂﬂammj

R A Y i 1Y A a g, v @
NS (1-2.2a, b, ¢) ¢ N9 gaRABARINIADLTAQUY ANAuaTiwzlnudou Tinaeaiiingda
1 A K a = o = 1 4 Y a3y T
vguuaziionIHLoANT oV uINAvBIAnDaNgY  p3RYsznoUveIRIIAUAARIeg lunIzauga

s t!‘ y d’ =t U ‘ﬂ'
AU INIOUBANVD VAR Y Wou lvvosmsaugaiiveuwas ond Werlvveuun (boundary

conditions)

—_— = — } o o = S WY o
W X ¥ .Z dlu surface force & 3%afdaiingmn 9 naums (1-2.1) 5ezfin1édq

VD LHAIA
X = 10,+mT, -nT,
Y = 1T,-mG, -nT, (1-2.3a)
Z = 1T-mT,-n0,

lunsdivoa 2@ T, = T, = O, - 0 Auh

I"
S

>

= 106 +mT,

)/ - l '[‘\\ - m G\\ ( l"23b )



f0814 1-2.2 mmua il stress tensor

, .
A S Xy Xz
: R 2 . 2
((7) = Xy y o +z yz N/mm
2 2
Xz ¥z Xtz

] o ¢ dy 4 (% 4
3911 body force W49z stress ficld figaandosnudou lwwosmsauga
ad o
ABMAVINTUNT (1-2.2a.b,¢)

G \,\+ ’t\‘4< .T—TZR.Z—TX:O

T N + G\'-.‘- * TZV‘Z+ X, = O

&
Hie

DY
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1-3 nHPaINISUUFIANNLA

lwinda 121 inldusasiisiTnamesdisznauwas Stress vector (S, | S, | S,) @9

nszvuu sewn ABC lagrige P udenafinvdinaionsiliiindaimsnazutasasdisznay

'
=)

“uaamw;JLﬂ”umm:UUmegwﬁavtﬂﬁﬁzummuﬁmgwﬁo Wadsslomilunsdin ez vanudu

o ° ' g A ar . . o e ¥ ] v
uazsh l/ldlunsdwineanuuy 15U dpImIvn ANARAAN (principal stress) LiatinlulT
lungufvesmsidumie (Theory of failures ) wia nouianuudase ueu  devuluwidai

LIEURAII TN TUURI0IAUIINaUTRIRMUAUIINITZVLUOUEAY ( x , v , z ) UTIszuuwnulng
/ /

(x.y.7)

WRTINTE U URNILUY orthogonal coordinate system 2 7@ A8 o x yz UWlr o x/ y/ z/
asluzd 1-3.4 14 direction cosine maoquﬁa 9 TEWINIUNG 2 q@f: WU BN IANUATIIT
1-3.1 L7%

I} = cos( x/,x ), ny = cos( xl,z ), m, = cos{ y/,y ), s = cos( z/,x )
Wuau

A159N 1-3.1

1 X y z
E x/ l4 m; ny
{ Y/ l, my n;
i z/ I3 ms Nns
| |
3
|
4 ,
A S ﬂ\z
N e
N yd
AN e
0 —




ANANWIEIZWING direction cosine N9 9 Fat519zdp9lTlunaninga

& & v A e a [ [ A A
1u‘umnﬂmamnuﬂaaamﬂs:nawaommmuulumwmsmgﬂ 1-3.2a WUnuo x y z

= / g a = o e . —
Junu x aglummsmmnunu unit outward normal #

[ & /1 1 1N P . / o a o
TWIWABC luuwiunuo xy z 68 Gy Ty T, H89MI x use n fifiamaden

N BSTh

l, + |2 + |3 =1
2 2 2

m, + m; + my =1
2 2 2

ng +n + n3 =1

kmy + Lbmy + Iymg = 0
myny + myn, + myng = 0

niy  + nly, + nsly =0

Ll + mm, + nyn, = 0
|2l3 + myoMmay + NNy = 0
2l + mgmy + nany = 0

i
@]
@]
o
x
x

~—

cos( n, X )

cos(n,y)

I}
(@]
(o]
[

—
>

<

~

cos(n,z) = cos(x,z)

33J 1-3.2

(1-3.1)

AEUUBIATLNAVTBIN VLA UL T
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INFUMT ( 1-2.1 ) 113z ldin
S = O+ MTy + nyTy,
S, = LTy + MmOy, + mT,, (1-3.2)
S. = T, + mT, + Oy,
wanani G, = G, @?ﬁfumnawmsu-me)

!

Gn = O-x « = “in + m18y + n1Sz (1*338)

<o I . e R R / ° ot o
uwAg G, , INU HATINUBY projection U S, Sy .S, BIUBUAY x ‘LuﬂquaJL(ﬂU’Jﬂu

T, y/ wae T, , AUNAUMETINYaY projection DI S, | S, . S, RIVUUNK y usz 7 e
Gl
T, = T, 7 LS+ mS, + nsS, (1-33b)
T, = 1)) = 1S, + mS, + nS, (1-3.3¢)

WNUAIRNNIT (1-3.2) 84k (1-33a,b,c) 13aslein

[ 2 2 2
O« = 1Ok + m O, + ny Oy + 2im T,y + 2mymy Ty, + 2041 T,, (1-34a)

[}

’cxy = '1!2Gxx + m1m26\;v + n1n267_z * (|1m2+m‘||2 )Txy +
(mong + nimy )Ty, + (b + i )T, (1-3.4b)
I
Tx z = |3|1Gxx + mBmTny + n3n‘~GZZ + (I3m1 * m3,1 )Txy +

(mgny + ngmy )Ty, + (gl + 130y )Ty (1-3.4c)

£ =Y =1 ¢ 9 / [ o = >3 Q- ' %3
fi3vWIn3Y tetrahedron 8ngdwtls lavliunu y aglufiendediuiy n da31-3.2 b

ifelain
Sy = O + MT, + N7y,
S, = LTy + MO, + Nl (1-3.5)
S, = LT, + mT, + MOy,

/ ! I a
WRZHRTIUVBI projecction Wad S, , S, , S; AJUWUNW X ,y ,z @8

I

Tyx = LS + m§, + nyS,
S = s v mS, ¢ NS, (1-3.6)
T, = 1S, + msS, + nsS,

VI‘;, @ e g

UTIWNUAIRUNT  (1-3.5) RILUFUMT (1-3.6) 1511092 LGANNTUNUD U N BB uInY
[ o = [ @ a o ] % o / '
Auaums (1-3.4) lwhuendeadu dunfissangy tetrahedron Sngdnils laolwunu z aglu
wwr o nfiezldrunsdmiumsudasasddsznovese nuduanszuuunuganis U dsszoy

©

~ A L e ﬂ‘ L L2y e
LLnuaﬂ"gwmImﬂsumu aanlasumaa e lyd
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G, = 1'Cy + m G, + n Oy + 2imTy + 2mnT,, + 20T, (1-3.7a)
G,, = 1°C, + miG,, + n,O, + 2,m,T,y + 2mnT,, + 2n,0,T, (1-3.7b)
G,, = 1,'Cp + MG, + 0,0y + 2myT,, + 2mynsT,, + 2n3sT, ( 1-3.6¢ )
‘Cxly/ = 1O + MmOy + MG, + (hmy + myly )T, + (myny + nymy )T,
+ (nyly + 14Nz )T, (1-3.7d)
Tylz/ = LlsOy + mumgOyy + mn3G,, + (Mg + Myly )T + (Mong + nomyg )T,
+ (ol + !2n3‘)IZX (1-3.7¢)
Tz/x/ = O + msmOyy + ngniG, + (bmy + maly )T,y + (mgng + nymy )T,

+(ngly + 4305 )Ty

(1-3.7)
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1-4 AMNLABKRAN

77

v e o A tS‘ o ‘J d vl Q- =
ANUAUNRAN  (Principal Stress) ﬂammmu“nm:mum:mu%m%ﬂwAJmmLﬂmaau

a & o & o ) . S
LNGYWIRE LTUITUNTTUIVWIT ISUIURAN (principal plane) LR unit outward normal @9 direction

cosine YAINULFAIRN BHUSNITLEBIBBITTWILIS N1 RENIMEN (principal direction)

TN ImIA I uLA WA lﬁmﬁmsmgﬂ 1-4.1 W o Juanudwndn uaz | m, mdu

. . . - a & Y7 [ o | e
direction cosine 183323 UN O (iadu  Gaus asddsznanluiwl x, y, z 189 G aasdanrinty

S, S, S, MUHIAY WuAD

S, = I O
S, = mO
S, = nO

UWARATENMT (1-4.1) BILUANANT (1-2.1) Gatin

(1-4.1)

G =1 O+ mTy, +nTy
mG =T, +mOC,+nT,
nG =IT,+mT, +nC,

l (GXX'G) + mTyx 0 sz

1T,y + m (0,,-0) + nT,, =

Ty, + MT,;, + n (G,-0) =

0
0 (1-4.2a)

0

mﬂmwﬁmaa determinant L3INIIUINLTIENT nontritvial solution (£ 0, m # 0 .n % 0

e P . a a & o Ve
luandeaniu) vesaumi(1-2.2a) dfdaiia determinant 13§02 &nTv09 1|, m, n Henviniy

aud fa
!G\i\' —0 v T'\.\’ T.'.r
Ty G, —C T, =0 (1-4.2b)
T. T, c.-0C
f}-
|
| 8¢
g g N
e 3
7/
4«
/ s 1-4.1



AUWLNITIFRNINMIANUAURAN IHNNIINIZNURUMS (1-4.2b) FIUAANIINANTH 6
I . o a LR ar G ' . R
P2 LAINMIUNBAIANUTURENAIIN (1-4.2a) uazlTANUFUWUST= N9 direction cosine
2 2 2
F+m +n =1 (1-4.2¢)
UTINITAWANNT (1-4.2b) 153z leaumIiiasaude
3 2
G -0 +LO-1; = 0 (1-4.2d)
lauh

|1 = Gxx + O-yy * Gzz

2 2 2
b = GO+ OpyOu+ OO - Tay- Tyz- Tox (1.-4.2¢)

ls = GO0 - OuTyr- Oy Tz -Ora Ty + 2Ty Ty Tax
Myl ls fifdosonin first, second, third invariant myﬁwﬁ"v invariant vasnuilliudnfla
wasnudasluamuszooumildlumssiuimma s i ﬁwmm‘guuﬂmaas:uumwﬁu
229FUNT (1-4.2¢) I lulaglufienionan (iuda "Lﬂzjs:muﬁmwmﬁmﬁau Geuidugud) uazld

a
v
I

G, , 0, .05 tJu anadunan 1913z ldindwes invariant nasalu (1-4.2e) Senwvinriuy

I, = Gy+ Gy+ Oy

b = 6,6, +G,G; + G306, (1-4.21)
|3 - C$‘10.2C$3
A0S 1-4.1  HIRuAl
-5 ~c¢ 0
2
() ={~-c ¢ 0| Nmm
0 0 ¢

FIRIAULAURRN |, NANIINAN, WAE invariants V1I&w
25Y1N NNFUNT(1-4.2b) '

-5 -o -c 0 (

N3zLBANUI LA
2
(c-O) (G +4cG-6¢) = 0

AIBULIN AN ULAUARNNIZLA D

O, = ¢ N/mm2
\/ 2
O = c(-2+N10) = 1.162c¢c N/mm
\/ 2
C = -c¢c((2+N10) = -5.162¢c N/mm

M AANIRAN B30 TXILAEN BBsANNGURANuAaTaIfUIznaY v lTanns(1-4.2a) uas

(1-4.2¢) A%



G, = ¢c: 3N (1-4.2a) UNus1 G = O,

-6cly—cmy, = 0

!
o

-cly

Wad9n ¢ # 0 A9

h=m=0 n#%*o0

N(1-4.2¢)
2 2 2
fy+my +n, =1
2
N4 = +1
HUAD cos (O1,x) = cos(Tyy) = 0
cos(04,2) = 1

%wia O, a%ﬂm:mmﬁmﬁmmu Z WULaY

G =1.162 ¢ : NFUMNT (1-4.2a) UNUF1 O = O, iMazlein
-6.162¢chb-cm,= 0

-ch-0162cm,= 0

-0.162¢cn, = 0

%38 n, = cos(0,2) =0
my= - 6.162 l2
2 2 2
7N L +m, +n, = 1
2 2
L+ (-6.162 1) = 1
LNTIZRS cos (G, X) = |, = 0.160

cos(0,, y) = mpy= -0.986

ﬂ./ =1 d’ o ar O O [ ar
uu,ﬂa&;u‘m O, NIENNUUNY x, y = 80.8 Uz 170.8 enuanay

Gy = -5.162 ¢ luhuandsinulasmsltaunis(i-4.2a) ,(1-4.2¢c) 1o
|3 = 0986, ms = 016, Ny = 0

= o o o - 0 0 0 o o
%583\4&]‘1’1 C; NITVNULNU x, y, z #a 9.2, 80.8, 90 auxay

C1+02+03

I
ly, = c+c{(-2+ \/10)-0(2+\/10) = -3¢
13 DL51LWN first invariant 91N

i, = Ow+t0u*+0,,

b, = -5¢c+c¢c+c¢c =-3¢



80

|2 = (5162+ 0-20-3'*' 0-361 = -10 C2

3
l3 = 61020-3 = -6¢

TaFINANN (O) N muald aziiwin T, Uz Tyz wihiugud ugeeiien o, = c
Arua A B I ua U A URanUUIT WU unit outward normal TWILALLAY z WA LW SastiiL

3sevzaadgwivesain 3 Haasswiu 2 58 ldlagfald

o - 27

DSHU

—C cC -0

o’ +4co-6¢’= 0

FINAN AT A I UNRINILE?

31l E1-4.1



AD8191-4.2 wﬁgmi’hmmadmwmﬁmﬁnﬁmvlﬁmn
3 2
6—110' +126‘|3 = 0
\udn934 (real number) nnein

ot

o v a @ [ Y B | . e
511 RSN stress tensor lasmgluluunu o x y z wirdu

J\/ 1 T.r"\’ T
(C) = 7. O, T
R 3y 'z
T, T_/,/ O
sy 2y 'z

LWEIINANMUAURANT 3 67 @Tﬁﬁuamaianﬁqm:ﬁmﬁa 1 6 suuAId By O, Lgazlﬁagj

Tufier x vasunulng oxyz G9u stress tensor Wnulnaifityiniy

o 0 0
©c) =10 o, o,
Vz J.':
Ismanudundnan
‘o*l - 0 0

0 o, —0 T, =0
' O 2—_)': G:: - O"
2

(0i- 0)(Gy,- O)0,-0)-T,) = 0

A G =0,  Uas
(G,,-0)(Cp-0) T, =0
G'(0,+0,,)0+0,0,,-T,, = 0
AUBIRNUAURANEN 2 fn Beasvn ldnaumMsTsuwil 995 efdaiile
(G,+Cy) - 46,00 T,.) = 0
%ammm%gﬂwﬂu
(G, +Cy) - 4T, >0

AIUUAITDIAN VLA WARNNINUALTI AT Q.E.D
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o T v o g & o a4, 0w 2
@081 1-43  sousvaInnuduiiga gnislwileTaeiidniu Gu = -10 Nmm’ G, = 30

2 2 o @ -
N/mm, r =15 N/mm Uz O, =r_ =r_ =0 @jgﬂ E1-4.3a IWWIRNULAURINUIZNITLA L
Myupasunuranfigail

q

/

{a)

(b)

3u E1-4.3

25711 INEUNNT (1-4.21) stress invariants Heniu
I, =20 , ,=525,1,=0
WNUAT stress invariants 83IWEUNT (1-4.2d) WAUAFUNIMA1289 o 3z ledanauduwnaniiy
0,=35,0,=0,0,=-15
MIMIAENIITDIUNUARNUNBUIN LWNENVDY direction cosines |y, m, L&z n, VOIITH 197

WNUF o @38 G1 = 35 aIlUFNNT (1-4.2a) AInwiezle

451, + 15m; =0 (@)
15l —=5m; =0 (b)

35n,=0 ©)
L2+ my +ny =0 (d)

] & A« a V&
WWIZENMI(a) waz (b) hwuiidudas: anaums ) a:ld
WIRNNTT (b) Uaz (@) unw azle
I, = +0.3162

WNUAT 1, a9lUENMT (b) 131z le
m, = +0.9487



g, as el (3 3 ' W LY . 1% - o '
TARIAUUDIATAINNY + LAY — QAIQTWNUANVEYI |} FIUNAAIYIIFUNIT (@) aadFaaanldadnuan

Podl, m, udz n aeuuununanszaglufianiaana unit vector N, Lijo

N, = 0.3162i + 0.9487] (e)

i

D) N, = -0.31612i — 0.9487] (f)

Wl i uaz j 89 unit vectors AINUNN X LAZINY y AUEIOL
msLSw‘iwmamnmﬁné]"w?]aae 2z l@NMITUNUAT G = G, = 0 adbuauN1T 2-

42a G9ale

lb = 0 Uae my, = 0
AUNTUALITUALUBS Oy, 17192 160

n, =t 1

N,= Tk
\fia k #a unit vector @1ULNY 2

MBI NIBIULNUNAD SuNE LW LA AN B ISLAEINY Aa

l. = 10.9487
m; = 10.3162
ny =0

Lﬁaﬁa:ﬁmu@m%mmUﬁgﬂﬁaaém"s“mmwﬁmﬁxwmm i nludadliununaninan
f:aglugﬂu‘uumaas:wuﬁﬁmmmmngﬁamw 1 N, uaz N,1u unit vectors fuaasfiafiens
POIUNUVEANFDIUNUIN S5 unit vector N, Tasunumansufimuazmldanngdesnves
vector muttiplication ﬁdﬁ?w,ﬁ"w%iﬁ

N, = N, XN,

3

N, = (mn, —mong )i+ (1n —1ng)j +(1ymy =l my)k (9)

Tusmagnef, dusndandilaguas N, 3nauns (e) uaz N, = + k , 13719216 N, Inaums (g)
1w

N, = 0.9487i — 0.3162j

3
Qs a 2 2 = o a ¢ 3
ANMULFUNAN O, = 35 N/mm~ Uaz Oy = -15 N/mm’ UazmItdaryuaasdis (Touaassiun
wan) ldusaslilugy £1-4.30 WNURANSUATNRUAIANALTZINY x-y 6931 uaziifieniaviaidn

oo a

WINEIH  ANLEURAN O, = 0 iipsnnasdUznausosanuidunInatsilnansagluuw,
un z (B 6,0, uar O,,) deufugud  amuzvssanuduidaioniiiuamusanidy

FEWIDUWITWIY X-y

83
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A8 1-4.4 VIVINANAAN La‘iaaaﬁﬂs:naumaamwsuﬁunnaaﬁ‘ﬁ‘i:nauﬁmlﬂu ¢ N/mm’™

M=n = ’\/‘\f?

A

PO L
ﬁk()
3¢

€« - G = 3
I -L,O

Al 6z¢C
et

7 tco ‘4\

»
b=t "\:@//Z

k€:‘ 3¢

L

su E1-4.4

ly =3¢

2 2 2 2 2 2
! l,=c +¢c +¢c -C —¢C —¢C

3 3 3
—-c +2c =90

3 3
ls=c —-¢c —-c¢
o -3¢c’+0-0=0
o, =3. oy=0;,=0
(¢ = 3c)Hl +cm +cn
+cl +(¢ —3¢c)m +cn =0
+cl +cm + (¢ — 3¢ )17}
2 2 2
l=m=n, | +m +n =1
LWTIZRE U l=m=n= 13

ﬁﬂma'uaumu%ﬁﬂvlﬁuamvlﬂugﬂ E1-4.4b UAS C

ATHA JUDIAMHUIAWHAN %uag,ih”mhmwmﬁwa”nﬁmmvlﬁmnmm*n' (1-4.2b )z
fendriunsola ey 3 nydl e

NIGIA 1 0, % 0y # oA TEHTEWILRANADS 3 s2W1y Mzl 1-4.2a

nsa@in 2 o, % o, = o, lunsdi ‘anﬂi:uwuﬁvﬁtﬁmnﬁm:mum’fﬂmao o, stz
Wanee a3l 1-4.2b

nsaivi 3 o, =0, = o, nsrﬁi‘qm:mmnﬂm:mumﬁn dogd 1-4.2¢ uszinigaison

dnatenilein Hydrostatic Stress



6‘::61 263

3uf 1-4.2

AMNLARUAN IWNTIVDIANAARIEWIY  FDUSVBIANUAUTY 1, = T,, = T,. = 0

S unIIRIUSIBIANUABIUTIWIY xy Iunsdiiiaansnfiezuaas Direction cosine FE®iNg

wnuissasnadiduyy O ldasdalufl anaums (134 a, b, g

T

vl

o =llc,, +mo, +2mr, (1-4.3a)
o . =ljo, +mic, +2l.m.r, (1-4.3b)

Vo 2 - 2 22
. =110, +mym,o, + ([, +l:m,)rn (1-4.3¢)

31N31 1-4.3 1T9zRUN

cos (x/,x) = cos@

sind/

b

cos (xl,y)

my



coS (yl,x) = -sind

L

f
m, = cos (yy) = cos@

86

uNuA direction cosine nuaitasluaums (1443 a, b, c) udlEwanmsudasyuan 0 1w

20 imazle

o, +to, O, -0, ,
o. . =— = —cos 20 + 1 sin20
Vo ’? 2
c.+0, O, -0 .
o, =—2 2 ——-cos20 -7, sin20
VU 2 2
Cuw =0, .
——*sin26 +r cos 20

¥ R9nai1an (1-4.4a) uas (1-4.4b) 1aele
|1 = O—r/r" TOo . =0, +O—;;

Vo

31 1-4.3

(1-4.43a)

(1-4.4b)

(1-4.4c)

UM NMUAUREN LAz AienaInan mmagﬂ”uﬁmaaa\_.v,Lﬂwﬁuf)uﬁ'ﬂﬁmﬁu

& A [N e A
aud Jamazldfienanan fa
27,
tan @ = -

o ‘*O’U

ARy

UNuANanN1Inanadl (1-4.4a) n3a (1-4.4b) 11:le

O-l _ O.\'\' + O-\\ + (7\.\' - O-'.I ) hd
} = + 5 - T
o, 2 2

(1-4.5a)

(1-4.5b)

lumsmmwmﬁmﬁaugaq@ lounmamaywus LLﬁalﬁLmﬁuguﬁ 15192 LI 7F NN g

°uaaszmnﬁLﬁ@mwmﬁmﬁaugoq@ﬁa

o,
tan 2= -———
2

- O-A\\' - U'.{ ) :'
R Tm:n\‘ :\ 2 - T\x

(1-4.6a)

(1-4.6b)



Gaaziinldan (1-4.5b) 1

ag ~ Oin

_ _ man
Smaxn

8]

@089 1-4.5 HWBALRAINE10E79 1:4.1

-5 -c¢ 0
(G) = | -¢ c 0 N/mm2
0 0 ¢

(1-4.6c)

IO NUEURAN URT TEWIURAN LagnN1Iaadauasnnuauass I ua NN duszw

o

M e T, =T, = 0 G0N o, = ¢ Indudmibrannuidunandenseyinuu

TeuIUNAE unit outward normal agﬁjlw,munu z @9

G150, = €
AU (O) Jvaaasuniu 2 §ade
~5 -c¢
(C) =
-c
Wiaa Guw =-5¢,T, =-,0,=c¢
IINFUNIT (1-4.5b)
o, O—\\ + Gx\ Or\ _—o-w \_ 2
Ty o= + &
o, 2 2 / !
-5c +c¢ -5 —-c i 2
2 2
= ¢ (2 £4/10)
27, Q)¢
tan 260 = - - 2)(=) 1/3
o, —0, (-5¢)-c¢
[ O
HUAD g = 92

] Ve P ar ar .:; 1% a '
Folenamiannwiuildaindiatig 1-4.1

o ' A v v = 4 A o= 2 - 2
0819 1-4.6 suNdlianuduisa guibiiduduc = 120 Nimm’, o, = 55 Nimm’, o, = -

85 N/mm2 v Ty

LAzAANIINAN

A5v11 unuAtssdUsznavresaNIAuA vualirluanmy (1-4.2d) 9z ld

0 -900 — 180140 + 471680 =0

2 2 Y v
= .55 N/mm2 . Ty =33 Nmm ,and 7, = - 75 N/mm 3R NULAUNARN
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i

=

AL A URANNIEILRDTINYE 3NN T A nTu
2 2 2
o, = 176.80 N'mm , o, = - 110.86 N/mm , O 3= 24.06 N/mm

RTUAANIITAIR I UIAUR I NUA R AW LN M IUNUAIA LA UNANAI LUFNNI(1-4.23)
WNUAIUDI o 4 BIMHRUMI(1-4.22) 3216

(120 — 176.80) I, — 55m, — 75n, =0
551, + (55 — 176.80)m, + 33n, =0
751, + 33m, +(-85-176.80)n, =0 (@)

W8 1y, my, WaT n, fadirection cosines MMIUNANIIVAY 0y BWIERBIFUNIIUINYBIFNNII(@)
WITuDudas: 4ananuu direction cosines 1XABIEDAAADINUFUNIT
2 2 2 A . “
Loo+mS + o0 =1, e i= 11,2003 (b)
WARNNT (@) Uaz (b) @a8Nw 9 le
.= 08372, my= -04587, n; = -0.2977
Luvuoadeodnu nasldgaas direction cosines #1W3U o zand o 5 1w

0.2872, my

5

<

- 0.0944, n, = 0.9532

|, = 04657, my = 0.8834, ny = - 0.0521

ot ) C!. 1 B ¥ Q" U =d d 3 d’ o J ﬁ. i s
aIv81d 1-4.7 m@gfmmau‘c%Lmumummmnﬁmqwﬁa ANUARYINGVBNDNGUNUTZ VLY
oo oo o 2 2 2 2’
Lnuwwnanawagae o, = 100 N'mm o = -60 N/mm .= 40 N/mm ,z. = 80 N/mm ,7 =

7., =0 WAINNULAUARNURZA NULALLLIUFIFA

{ (o)

18x10°
A0 100 200
£ + 4 c. MPa
\/\(:13341
—41
suU E1-4.7

e

511 unudnesdUsznsurasarnduiimualianasluauns (1-4.2b) az'le

(100 - o) 80 0 i

| !
80 (-60 — &) 0 =0
0 0 (40 - o

yeplasls column qavy asld



i) (-60- o) —-6400]=0

840 6 - 12 400) =0

;
[

800G + 496 000 = 0
Casin@lizney (o - 40) Mawmsﬁuﬂaagﬂ‘lﬁdm
a,=40 N/mm2 fay

L dh o - 12400) =0
Csn erldenanudunangad 1
B :5=$";'r'1m2, o, =-93.1 N/mm’ fay
LT (1-4.6¢)
=931 - 40]
2

o331 -40) 2
# fee———————= 46.6 N/mm Aauy

= 66 N/mm’ AD1

[\

133.1 = (=93.1) 2
. 5 -= 113.1 N/mm 11

woccssasivzuuunuwAneliduldldnowee @ anuidunan

g S I

ol e

B 2
Cibmm, oy, = -93.1 N/mm

WREAY e e Ao sunuinafillluld ldvenue de ﬁ@mmﬁum’xmﬁmﬁaugaq@

=7, = 113.1N/mm2

T
max

DIAT direshion cosines BIRTULNWRANLARILNWEIAIUFDIUEAMNIA WL 0819

3
QJ(’
©
.

S e - e en o5 usnang 1447 A
2 2 2
STt . o, = 2931 Nimm . G5 = 40 N/mm
TFFUNT G it ) ol 15 Us sar ARARTIAENHE UNBAT & 628 0, LRZUNUAIDIAIVLAY
o oa & Ao a v s
Guw Oy, oo oy, ¢ and o, HReIUEWITUDUNUANLAY 926
00 13301, + 80m; =0
800, + (60 - 133.1)my =0
(40 - 133.1)n, =0

FUNTTRGS siusiug i o, = 0, Laz§avauMILINas sy

89



l, = 2.414m,
Inadwiiiuiuans(i-4.2c) el
2.414m)° +m + 0" = 1
my; = 0.383

daldzwidives |, Malasdy @1 direction cosines NI fi8

Iy = 0.924, m; = 0.383, n; =0 Ay

Turuaatdionrin & msy o, = -93.1 Nimm’ Uas o 5 = 40 N/mm” 2zl
L, = 0383, m,=0924, n, =0 Aoy
I, =0, ms = 0, Ny = 1 aa
annldunwandmiy o, Fefmuan (, . m, |, ) fmwagium:mu X-y WAz
gy 0, = 225 lufienamudumndnianunu x ununandmive, FIBWMUAN (I, M,
ny) AINBHULTZUIL Xy 63 LA=asNNALUNWYDS o FAYY UNUUBI G 5 Farvuaann
(13,M3.n3) %Lﬁuvl,@ﬁ’wﬁ'ua%iﬁmmu z Gad

Taomly ununanasdwIsUDRNWANSIeIaINTINwILaz % Wa LN uinasaaeiuny
1@1Lmuﬁﬁaﬁueﬁauaguiﬁmmwaaszummuﬁﬁm@mawa‘lﬂ
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s
1-5 WNaNVaIbNS
2enanaaslnddmTunsi 3 fa ronauuadluiMonr's circle)uiEnitadsimins auur
346 1N/ - Dby DV I JaL
milfuaasiiorniuzassanuiuita guiilaonisldzlazney
IWszwin BPC, APC uar APB 893U tetrahedron (uszwnuman uazo, o, 0, 1w

ANULABARN A3 1-5.1 puszwumail anududowuaud aziuansums (1-2.1)

Sy =lo,.S, =mo,,S, =no,

wnusumsitasluaums (1-1.2) wae (1-1.50) 151azld
ol + 10, =(o)) +(mo,)’ + (no,)’ (1-5.1a)
o, =l"c, +m’c, +no, (1-5.1b)

UANIINALTOITAINNFNARTILWIN direction cosine

l2+ m2+ n2 =1 (1-5.1¢)

7 & A A P 2 2 2 =] &9 e
FLRUINFIUNGDINITRIAD |, m , n MHEMLLiﬂu 1%0'] >0, >0, Wiz

@ P 2 2 2v o A
laumsld Cramer's rule 191&WNT0f9zMY |, m° Uas n lenguns (1-5.1) fa

]3 _ T w +(0,, _02)(0n ~G3) . (1—528)
(o, -—(52)(0] —'0—3)
m° = T + (0, —63)(611 ~0,) (1-5.2b)
(Gz “03)(61 _Gi)
nz - T™n +(G" —Gl)(cn _—63) (1‘52C)
(63 _Gl)(GF _02)
>

31 1-5.1



A

mmmsmﬁ%:{fﬂgﬂaumi (1-5.2a), (1-5.2b) uaz (1-5.2¢) loiilusunisvosisnauie

2 61 +G B ,0-3 _0‘ hl k]

T+ (0, —— 9 ) = (== 9 =) +1(0, —=6,)(0, —0,) = R'» (1-5.3a)
) 6, +0,.» .0,—0, 3 ,

T + (0, ———1) = (22 5 L) +m’(o, ~0,)0, ~6,) =R’ (1-5.3b)
2 + 0, s ) = G4 R

T + (0, - d 5 9;)‘ :(\g‘—« 1) +n’(c, ~0,)(6, —6,) =R (1-5.3¢)

5

Tuiu family BOIWNRVLUTIWULAY o, — 7, lauiialiuesnanidfnalassues direction
cosine A9%
2
01 <1 0<m< 1 0<n <1 (1-5.4)

LLa:VL@TLLamaQ'Lumﬁo 1-5.2

®19139 1-5.2
R23 R31 R12 ?
|
I=0 g, =T, - - ; )
2 )
o, + 0O, ,
=0 g, - - - ‘
I 2 |
m=20 } o, -0 -
2
m=20 ) -
O’~\+O'|
g, ——
- - 2
n=0 3 - G, — 0,
2
- !
I
n=20 _ -
o, + 0o, |
3 5 i

wldiuldnngd 152 41 dudanluiuluausuns (1-5.4) uds dwes (o, . 7, yezdasaiu
P @ ‘;v v o o 4 .
prwafignuaetd srwiwelidauteudinnaudid | = m o= o = 0 wuSonna

X . o a L da
WaiInauvedlus LLa:Qmmauanmmm‘lugﬂ 1-5.3
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Let the state of stress at a point be specified by the following stress
companents: 6., =0, = 6,. =0, 6, = —75 MPa, 6,, = 65 MPa, and
a,, = — 55 MPa. Determine the principal stresses, direction cosincs for the
three principal stress directions, and maximum shear stress.

Consider a state of stress in which the nonzero stress components are ¢

0,,, 0. and o,,. Note that this is not a state of plane stress since o,, ;éxaj
Consider another set of coordinate axes (X, Y, Z), with the Z axis coincid-
ing with the z axis and the X axis located counterclockwise through angle 0
from the x axis. Show that the transformation equations for this state of

stress are identical to Eq. (2.30) or (2.31) for plane stress.

Let the state of stress at a point be specified by the following stress com-
ponents: o, = 110 MPa, g,, = —~86 MPa, o,, = 55 MPa, o,, = 60 MPa,
and g,, = 0., = 0. Determine the principal stresses, direction cosines of
the principal stress directions, and maximum shear stress.

Ans. ¢, = 1269 MPa, o0, = —1029 MPa, g; = 55.0 MPa
i, = 09625 m, =02717, n, =0
L =02717, my = —~0.9625, n, =0
Iy =0, my =0, ny= —1

Gy sy = 114.9 MPa

Solve Problem 4,3 using the results of Problem 1.2
Let the state of plane stress be specified by the following stress components:

6, = 90MPa,0,, = —10 MPa, ., = 40 MPa. Let the X axis liein the (x, )
plane and be located at 6 = n/6 clockwise from the x axis. The direc-

tion cosines for the X axis are | = cos(—n/6) = 0.8660, m = sin(—n/6) =
—0.5000, n = 0. Determine the normal and shear stresses on a plane per-
pendicular to the X axis; use Egs. (2.10), (2.11), and (2.12).

Ans.  oyy '+ 30.36 MPa, oyy = 63.30 MPa

In Problems 6 through .9, the Z axis for the transformed axes coincides with the ;
axis for the volume element on which the known stress components act.

6.

11,

The nonzero stress components are g, = 200 MPa, ¢, = 100 MPa, ang
G4y = —50 MPa. Determine the principal stresses and maximum shea
stress. Determine the angle between the X axis and the x axis when the
X axis is in the direction of the principal stress with largest absolute
magnitude.

The nonzero stress components are g,, = —90 MPa, g,, = 50 MPa, ang
o,, = 60 MPa, Determine the principal stresses and maximum shear stress,
Determine the angle between the X axis and the x axis when the X axisisin
the direction of the principal stress with largest absolute magnitude.

Ans. o, =722MPa, o, =~1122MPa, 0,=0, 17, =922MPa
X axis located 0.3543 rad clockwise from x axis.

The nonzero stress components are a,, = 80 MPa, g,, = —60 MPa, and
0,y = 30 MPa. Determine the principal stresses and maximum shear
stress. Determine the angle between the X axis and the x axis when the
X axis is in the dircction of the principal stress with largest absolute
magnitude.

The nonzero stress components are g, = 150 MPa, 6, = 70 MPa, 6, =
—80 MPa. and 0, = —45 MPa. Determine the principal stresses and maxi-
mum shear stress. Determine the angle between the X axis and the x axis
when the X axis is in the direction of the principal stress with largest absolute
magnitude.

Ans. 6, = 1702 MPa, o, =498 MPa, 03 = —80 MPa,

T =125.1 MPa. X axis located 0.4221 rad clockwise from the x axs.

max

Using transformation cquations of plane stress, detcrmine oyy and ayy for
the X axis located 0.5000 rad clockwise {rom the x axis. The nonzero stress
components are given in Problem 2.6.

Using transformation equations of plane stress, determinc oy, and oy for
the X axis located 0.1500 rad counterclockwise from the x axis. The nonzero
stress components are given in Problem 7.

Ans. oy = —069.1 MPa, gy, = 78.0 MPa



12, Using transformation eguations of stress (sec Problem  2), determine oy
and oy, for the X axislocated 1.00 rad clock wise from the x axis. The nonzero
stress components are given in Problem 8.

13, Using transformation equations of stress (sce Problem  2), determine oy
and oyy for the X axis located 0.70 rad counterclockwisc from the x axis. The
nonzero stress components are given in Problem © 9.

Ans. oy, = 7125 MPa. oyy = —47.1 MPa

14. Solve Probiem .10 using Mohr's circle of stress.
15. Solve Problem 11 using Mohr's circle of stress.

t6.  Solve Problem 12 using Mohr's circle of stress.
17. Solve Problem 13 using Mohr's circle of stress.

18. A volume element at the free surface is shown in Fig. P 18. The state of
stress is plane stress with o,, = 100 MPa. Determine the other stress

components.
y
Free
surface
Oy
Iy
9
OXX
ONN
Oxs
—_—— x
Oxy
Figure P 18 '

19 Determine the unknown stre: componen
N . 2 $§ components for the volume i
o 10, element in

Ans. o, = 2667 MPa, a,, = 172.50 MPa

Oxx = 120 MPa

A

oyy = 70 MPa

X

0)’}' =0,

Figure P 19

tra



20. Dectermine the unknown stress components for the volume clement in

Fig. P 20.
y
X
oxx = 120 MPa
g
Oy = 40 MPa
Oxy = 50 MPa
Y A
Oy
[}
30°
X
Oxy
vy
Figure F 70

21. Determine the unknown stress components for the volume element i
Fig. P 21.

Ans. ¢, = —109.18 MPa, 0,y = —10.01 MPa

Y
y
9y, = 40 MPa
Ory
X
5
Oy 6
X
oXX
Oxx = 80 MPa
{ . oxy = 60 MPa

Figure P 21



In Problems 22 through 26, determine the principal stresses, maximumn shear
siress, and octahedral shear stress.

22.

23.

24.

26.

217.

28.

29.

30.

31.

32.

33.

The nonzero stress components are o,, = — 100 MPa, 5, = 60 MPa, and
0, = — 50 MPa.

The nonzero stress components arc o, = 180 MPa, o, = 90 MPa, and
g,, = 50 MPa.

Ans. o6, =2023 MPa, ¢, =67.7MPa, ¢,=0, 1,, = 101.1 MPa,

To = 84.1 MPa
The nonzero stress componcents are a,, = —150 MPa, ¢, = —70 MPa,
g,; = 40 MPa, and g,, = — 60 MPa.
The nonzero stress components are o,, = 80 MPa, g, = =35 MPa, 0., =

—50 MPa, and o,, = 45 MPa.

Ans. 6, =955MPa, ¢, =-505MPa, ¢y = -50MPa,
Tmax = 13.0 MPa, 1, = 68.7 MPa

The nonzero stress components are o,, = 95 MPa, g, = 0, g,, = 60 MPxa,
and g,, = — 55 MPa.

Let the state of stress at a point be given by o, = — 120 MPa, g,,= 140 MPa,
0,, = 66 MPa, ,, = 45 MPa, g,, = —65 MPa, and o,, = 25 MPa. Deter-
mine the three principal stresses and directions associated with the three
principal stresses.

Ans. ¢, = 180.2 MPa, ¢, =40.1 MPa, ¢, = —1343 MPa
I, =0.0913, m, =0.8740, n, = —04773
I, =0.2584, m, = 04422, n, = 0.8589
l; = 09598, m; = —0.2062, n;=—0.1904

Let the state of stress at a point be given by g,, = 0,0,, = 100 MPa, g, = 0,
¢,, = —60 MPa, 6, = 35 MPa, and g, = 50 MPa. Determine the threc
principal stresses.

Let the state of stress at a point be given by g, = 120 MPa,6,, = —55MPa,
o, = —85 MPa, g,, = —55 MPa, 0,, = 33 MPa, and o,, = —75 MPa.
Determine the three principal stresses and maximum shear stress.

Ans. o, = 162.5 MPa, o, = —1141 MPa, 6; = ~684 MPa, 1., =
138.3 MPa

Let the state of stress at a point be given by ¢, = —90 MPa, ¢, =

—60 MPa, o,, =40 MPa, o, =70 MPa, g,. = —40 MPa, and o, =
—55 MPa. Determine the three principal stresses and maximum shear stress.
Let the state of stress at a point be given by g, = —150 MPa, 5,, = 0,
o,, = 80 MPa, 5., = —40 MPa, ¢,. =0, and ¢,, = 50 MPa. Determine the
three principal stresses and maximum shear stress.

Ans. o, =912 MPa, g, = 828 MPa, o0; = —169.5 MPa,
Toee = 130.3 MPa

(a) Solve Example 1 using Mohr’s circle and show the orientation of
the volume element on whcih the principal stresses act.

(b) Determine the maximum shear stress and show the orientation of the
volume element on which it acts.

At a point on the flat surface of a member, load-stress relations give the fol.

lowing stress components relative to the (x, y, z) axes, where the z axis is per.

pendicular to the surface: o, = 240 MPa, 0,, = 100 MPa, o, = —80 MP;

ax: = UX: = oy: = 0'

(3) Determine the principal stresses using Eq. (2.20), and then again usiy
Egs. (2.36) and (2.37).

(b) Determine the principal stresses using Mohr's circle and show the
oricntation of the volume element on which these principal stresses ac

{¢) Determine the maximum shear stress and maximum octahedral shey
stress.
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PROBLEMS AND QUESTIONS

‘5“ A state of stress that occurs at a point on the free surface of 2 solid body is o, = 50,
o = 10, and 1,, = —13 MPa, where the directions shown in Fig. 6.2(a) arc considered
positive.

(a) Evaluate the principal normal stresses and the principal shear stress in the x-y plane,
and give the coordinate axes rotations for these.
(b) Considering shear stresses not in the x-y plane, what is the maximum shear stress?

%% Repeat Prob. 6.1 for the following state of stress: o, = 60, oy, =0, 7., =30 MPa.

%% Repeat Prob. 6.1 for the following state of stress: g, = 50, o, = 100, énd 7, = —60 MPa.

%7 Repeat Prob. 6.1 for the following state of stress: o, = 120, o, = 40, and r,; = —30 MPua.

)

%4 A cylindrical pressure vessel 10 m long has closed ends, a wall thickness of 5 mm, and an
inner diameter of 3 m. The vessel is filled with a gas to a pressure of 2 MPa. Determine the
maximum normal stress and the maximum shear stress, and also describe the orientations
of the planes on which these act. Neglect any effects of the discontinuity associated with
the end closure.

%9 A spherical pressure vessel has a wail thickness of 2.5 mm and an inner diameter of 150
mm, and it contains a liquid at 1.2 MPa pressure. Determine the maximum normal stress
and the maximum shear stress, and also describe the planes on which these act.

ho A pipc 30 m long has closed ends, a wall thickness of 10 mm, and an inncr diameter of
0.60 m. The pipe is filled with a gas to a pressure of 20 MPa, and it is subjected 10 a torque
about its long axis of 1.13 MN-m. Neglect any effects of the discontinuity associated with
the end closure. Determine: (a) the three principal normal stresses and (b) the maximum
shear stress on any plane.

Bl A weight W = 45 kN is hung eccentrically from the end of a cantilevered pipe of length
L = 750 mm as shown in Fig. P . The outer diameter is d = 250 mm, the wall thickness
is 6 mm, and a fluid in the pipe has a pressure of 3.5 MPa. Determine the maximum normal
and shear stresses at (a) point A and (b) point B. Neglect any stress raiser effects where the
pipe is attached.

Figare P &}

6,2_ A pipe with closcd ends has an outer diameter of 80 mm and a wall thickness of 2.0 mm.
1t is subjected to an internal pressure of 10 MPa. a bending moment of 2000 N-m, and a
torque of 3000 N-m. What is the maximum shear stress in the pipe?

B4 A three-dimensional state of stress is as follows: 0. =50, 0, = 10, 0. = —20, T, = —15,
and 1,. = 7., = 0 MPa.
(a) Detcrmine the principal normal and shear stresses.
(b) Detcrmine the direction cosines for each principal normal stress axis.

4l Repeat Prob.  §% for g, = 50, 0, = 100, 0. = 200, 7 = 60. and 1, = T = 0 MPa.

A¥ Repeat Prob. &% for g, = 10. 0, = 20, @: = —10. 7,, = =20, 7,; = 10, and 7, =
—~30 MPa.

R\, Consider a triaxial state of stress where 0, =0, = 0. = . and where all shear stresses for
the x-y-z coordinate system chosen are zero, so that 1, = 7,; = T = 0. In terms of S,

what are the principal normal and shear stresses?

BT Consider the special case where normal stresses o, 0y, and 6 are present, but where the only
nonzeso shear swess is T, for the t-v-2 coordinate systemt chasen, so that 1, = 1, = 0.

For determining principal normal stresses. show that the solution of By 6.20 coresponds
to the two equations represented by Eq. 6.7 and the third equation ¢, = o.

or



&4 Consiios an internalhy pressurized thick-walled sphenical vesset.
(1) U aoAppendix A te develop an equanion for the maximum shear suess ar
any cadial posiion i the vessel, expressing this as a function of the radu ry, ry. and
R. and the pressuee pro Also show that the overall maximum shear stress in the vessel

occurs at the inper wall,

(b) Assume that the vessel has an inner diameter of 100 mm, an outer diameter of 150 mm,
and contains an internal pressure of 300 MPa. Then detenmine the principal normal and
shear stresses at the inner wall.

BA Counsider an internally pressunzed thick-walled cylinder with closed ends, and neglect the
localized effccts of the end closure.
(a) Use Egs. A.l and A2 in Appendix A to develop an equation for the maximum shear
stress at any radial position in the vessel, expressing this as a function of the radii 7.
r:. and R, and the pressure p. Also show that the overall maximum shear stress in the
vessel occurs at the inner wall,
(b) Assume that the vessel has an inner diameter of 80 mm, an outer diameter of 100 nwm,
and contains an internal pressure of 100 MPa. Then determine the principal normal and
shear stresses at the inner wall.

Ho A thick-walled cylinder has closed ends and is loaded with an internal pressure of 100 MPa
and a torque of 15 kN-m. The cylinder has an inner diameter of 60 mm and an outer diameter
of 80 mm. Determine the maximum shear stress in the cylinder, considering all possible
locations and pfanes. Neglect the localized effects of the end closure. (Suggestion: Since
the location of the maximum shear stress is not known, cvaluate the three principal shear
stresses at both the inner and outer walls, and also at several intermediate radial positious.)

BV Determine the octahedral normal and shear stresses for the state of stress of Prob. 6.1.
%L Determine the octahedral normal and shear stresses for the state of stress of Prab. 6.10.

$% Consider a case of plane stress wherc the only nonzeso componenis for the x-y-2 coordinate
system chosen arc o, and T,,. (For example, this situation occurs at the surface of a shaft
under combined bending and torsion.) Develop equations in terms of o, and r,, for the
following: maximum normal stress, maximum shear stress, and octahedral shear stress.

Bl Repeat Prob. K3 for the case of plane stress where the only nonzero componests for the
Xx-y-z system chosen are o, and o,. (For example, this occurs in a cylindrical tube with
internal pressure and bending and/or axial loads.)

%% A thin-walled tube with closed ends has inner diameter ¢ and wall thickness /. and it 1s
subjected to an internal pressure p. Determine the following in tenns of 4, «, and p:
maximum normal stress. maximum shear stress, and octahedral shear stress.

‘Bt Develop an equation for the octahedral shear stress in terms of the principal shear stresses.

%7 Consider a thick-walled cylindrical pressure vessel with closed ends, and neglect the jocal-
ized effects of the end closure. Use Egs. A.1 and A.2 in Appendix A to develop an equation
for the octahedral shear stress 7, at any radial position in the vessel. Also show that the
maximuin value of t, occurs at the inner wall.

9% For the situation of Prob. 50 determine the maximum octalicdrd] shear stress 10 the
cylinder.

‘5"\ Derive the equations for the octahedral normal and shear stresses. Egs. 6.34 and 6.35, based
on equilibrium of the solid body shown ir Fig. 6.15(a). Suggestions: Note that the three
faces in the principal planes are acted upon by principal stresscs. oy, ox. and a3, and calculate
the relative areas of these planes and the octahedral plane. Then sum forces normal to the
octahedrul plane to get o, and paraliel 1o this plane to get 1,. Also. from the general
properties of direction cosines, cos® a + cos? 8 +cos?y = 1.
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PROB

LENIS

1~ 6 For the states of plane stress shown in

Figure P 5

|-P 6, usc the stress transfor-

Figures P ‘ ’
o determine the normal

mation cquations t
and shear stress acting on plane a-a.
Fiqure P 1

lﬁ ksi

10k«

T

Figure P 4

] 50 MPa
00 MPa

Figure P

7- 12 For the states of pl
Figures P
to determine the

acting

6

1 6O MPa
70 MPs

120 0P

anc Stress shown in

1-P 6, usc the wedge method

on planc a-a.

13- 20 The elements in plane stress shown

in Figures P I13-P 20 arc subjected
to stresses o, o,. and 15, Determine
{a) the principal stresses and show them on
a properly oriented clement, and  {b) the
maximum in-planc shear stress and the cor-
responding normal stress and show them on

a properly oriented element.

Figure P 13

I 4 hai

A= A

Figure P 14

— 3k

T 5 ks ——
Figure P 15 Figure £ 16
60 MPa

30 Mba

~_ 1]

-

Tﬁk\l

—~——
li— 100 Mba

40 MPa

12 ksi

Figure P 17 Figure P 18
lZO ksi
12 ks
L !
T 10 ksi
Figure P 19 Figure P 20

| 60 MPa

40 MPa

o
T

21— 22 The grain of a wooden member forms
" an angle of 20° with the vertical. For the
staic of planc stress shown, determine

{a) the normal stress perpendicular to the
grain, and (b} the shear stress parallel to

the grain.

Figure P 21

l 1.6 MPa
//,7 11

4 MPa

Figure P

2
400 pa

—y— 250w

Ul

i
G
l ]

A
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23~ 24 For the states of plane stress shown,

25

T

26

determine the normal and in-planc shear
stresses acting on a plane rotated 30° coun-
terclockwise from the vertical.

Figure P 23

A2km

o 6 kst

\
\30°
N 15 ksi
\

Figure P 24

20 MPa

80 MPa

1+ 50 MPa

Two members of uniform cross-section
3 in. X 3 in. are glued together along a
planc a-a, which forms an angle of 30°
with the horizontal. The allowable normal
stress in the glued joint is 110 psi and the
allowable shear stress is 75 psi. Determine
the largest axial force P that may be
applied.

Figure P 25

et jf_*,

A steel pipe of 250 mm outside diameter is
fabricated of 6-mm-thick plate by welding
along a helix that forms an angle of 25°
with a horizontal plane. An axial force
P =300 kN and a torque 7 = 15 kN-m
arc applied to the pipe. Determine the nor-
mal and shear stresses in the weid.

Figure P 26

45-

Figure P 45

Figure P 47

43 Construct MONr s CIrcic 101 an I in
uniaxial stress (@) from the circle, derive .
the following stress transformation equa-

tions for uniaxial loading,.

Oy = ((-;—')(1 + cos 20) 1, = (ﬂ)sin 20

2

Then usc the circle to determine  {b) the
principal stresses and (¢} the maximum
shear stress and show them on a properly

oriented clement.

Figure P 43
0.“_—'{ ’——V S,

Construct Mohr's circle for an clement in
pure shear. {a) From the circle derive the
following stress transformation equations
for pure shear.

Oy = Tysin 20 and Ty = Thc08 20
o ) L2

{b) Use the circle to obtain the principal
stresses and show them on a properly ori-
ented element. (¢} From the circle, de-
termine the maximum and minimum shear
stresses.

Figure P 44

50 An element in plane stress is subjected
1o stresses G, 0y, and T, as shown in the
figures below. Usc Mohr's circle method
to determine the stresses acting on an cle-
ment rotated through an angle 6 = 30°
clockwise. '
Figure P 45

10 kst 8G MPa

100 MPa

40 MPa

1 ksi

60 MPa

27

28

35-

Solve Problem P 26 with the dircction of
the torque reversed.

A drive shaft of an automobile is subjected
to the vertical forces and torque shown.
The diameter of*the solid shaft is 25 mm,
determine the principal stresses at point B
located on the top of the shaft and at point
C located on the side of the shaft.

Figure P 28

015 m

2kri);‘

350 Nem ™ -

34 Solve Problems P 1-P 6 using
Mobhr's circle method.
42 Solvc Problems P 13-P 20 using

Figure F 52

30 MPa

RITES HAY

A solid circular bar is subjected simulta-
ncously to an awal temsile foice £ = 30
kips and a torque 7 =40 kip-in. as
shown. Caleulate the maximum tensile,
maximum compressive, and maximum in-
plane shear stress in the bar. The bar has a
dismeter of dan.

Figure P 5%

»

R A
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53

b4

55

52 A socket wrench with an extension shaft
attached to it is subjected to a foice # = 50
Ib perpendicular to the sovket wrench and a
vertical force P o= 30 {b as shown, Deter-
mine the maximum teasile, compressive,
and in-plane shcar stresses in the exten-
sion. The extension is a hollow shaft with
outer diameter of 172 in. and inner diame-
ter of 3/8 in.

Figure P 52

-

e
4 in, l\k
é/\ Socket weench

l / Extenston shat

A closed-ended cylinder of snner radius 8 ft
and thickness of 0.25 in. stores natural gas
at an internal pressure of 100 psi. Deter-
mine {a) the hoop stress, (b} the lon-
gitudinal stress, and (¢} the maximum
in-plane shear stress.

The cyhndrical pressure tank is made of
8-mm steel plate. The pressure inside 1s
1.2 MN/m’ and the axial compressive
force P = | MN. The diamcter of the tank
is | m. Determine the maximum tensile and
compressive stresses in the tank wall.

Figure P 54

P o——> — ]

A cylindrical tank is fabricated by butt
welding 3/4 in. plate with a spiral scam, as
shown. The pressure inside the tank is 300
psi, and an axial force of 30,000 Ib s
applied to the end of the tank through a
rigid bearing plate. Determine the maxi-
mum normal and shear stresses on the
plane of the weid.

Figure P .55
30.000 Ib

A evlindrical pressure vesscl s subjected to
an ternal pressure of SO psioand also an
external torque about its longitudinal axas
of 10000 1b - i Deternune the maximum

tensile stress at a point on the outer wall in
the cylindrical portion of the tank. The tank
outer diameter is 40 in. and tank wall thick-
ness is 0,125 in. Use E = 30 x 10" pst.
Also use the thin-walled approximation
equation for J (J = 2mr’).

. 135

57  For the statc of planc stress shown, deter-
minc the absolute maximum shear stress
when  {a) o, = 10 ksi, o, = 3 ksi, and
15 = 6ksiand (b} o, = 0 with the other
stresses remaining the same. Consider both
in-planc and ouf of planc shear.

Figure P 57

58 Solve Problem 8.57 when {a} o, = 9 ksi
and (b} o, = —4 ksi.

59- 64 For the states of plane stress shown,
determine the absolute maximum shear
stress.

Figure P 59 Figure P 60
¥ y

\TQkxi

== 8 kst
10 Asi
- ~,

Figure P 61 Figure P 52
'\" v\‘i
30 MPa ’
60 MPa \. o ) 50 MPa
150 MPa 30 MPa
z T~x N ? ™,

Figure P 63 Figure P 54

65 A standpipe is a thin-walled cylindrical
tank holding water. The standpipe is IS m
high and 4 m in inside diameter and has a
wall thickness of 20 mm. The density of
water is 1000 kg/m'. Determine the targest
normal stress and absolute maximum shear
stress at the bottom of the tank when it s
full of water.

Figure P .65
o
[
|

=

h=15m

%
i. At



66

woted o an

et 1y sub

ind

A thi-watted esfindical cor

S pal
FRIBNTN

oan andal teaste force of

wonsude

apphied through rigrd end p!
diameter is 30 w0 and the wall thickness i<
1.2, Determine the principal stresses and
the absolute maximum shear stress on the
outer susface of the tank.

Figure P 66
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Example 2-1.7 Mohr's Circle for Plane Strain
A state of plane strain at a point in a body is given, with respect to the (x,y) axes. as € = 0.00044, € = -
0.00008 Determine the principal strains in the (x,y) planc, the orientation of the principal axes of strain,

. : . . YA
the maximum shear strain, and the strain state on a block rotated by an angle of 0~ 23

measured
counterclockwise with respect to the reference axes.
SOLUTION Since the components of strain form a symmetric second-order tensor. they are transformed

in precisely the same way as stresses. Thus. plane strain states can be represented by Moli’s circie in the

same way as plane strain is defined by the equation. [see Eq. (2.32)]

l 2 2 1 2 2
[‘9.\:\' o 3— (5.\:\' o 8.\.1' )] ot (g..\ﬁ\' o O)_ = Z (5_\_\' - g_u\' )_ + g,\?\‘ (@)

Equation (a) is the equation of a circle in the (g_\-_\- > 5_\-_1= ) plan with center coordinates and radius

1
[;_(g.\:\’ + g.\) )'O] {(b)
. 2 2
R=q—(&, T6,) +e&, o)
The oricntation of the principal axes of strain is given by the angle 0. where

3.
& v

tan 28 = T (d)

((’_\'_\ - é_\'\

and Ois measured with respect to the reference x axis | positive i the counterclock-wise sense. The

principal strains arc
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(6 +80)

&= 5 = (5 T &, ) +£ (¢)
.+ E

& :( il 5 “n \[ (6‘ +&‘n ) +8 (d)

The maximum shear strain is simply the radius the circle as given by Eq.(c).

For the data given. the state of strain may be expressed as € =440 L1, € =160 UL and €., =80 LL.
where j.lf—‘lO'o.This representation of strain s known as microstrain. The Mohr’s circle for this data is
shown in Fig E2.6a. By Eq. (b) and (c), the center of the circle is located at point C with coordinates
(300LL, 0) and its radius is R=161LL. By Egs. (c) and (f), the principal strains arc

g =300 +161 u=461u (2)
g =300 ~-161 =139 u (h)
On Mohr’s circle. they correspond to points Q and Q°, respectively. The reference sirain state is

plotted at points P(&__ . €, )and P’(&, ,~¢€, ). Note that positive E,\‘y axis is directed downward.
as is done with the plane stress case. By Eq.(d) the principal axis corresponding to €, in the body is
located at an angle of 0=-14.87° with respect to the x axis. On Mohr’s circle, this corresponds to an angle
20 =-29.74° from linc CP to line CQ.

The maximum value of shear strainis & .., = R =161 s It occurs at an orientation of + 45°
form the principal axis for €, (+ 90° from line CQ on Mohr’s circle). Note that this is the maximum shear
strain using the tensor definition of strain. The Maximum cngineering shear strain is Y, = 2&

=322 of strain.|Eq.(2.73)]. The strain statc on a block at 0= 25 (50° on Mohr’s circle) is identificed

Gaand

by points S (&, , €., Yand P (&, .—¢!-). By gecometry of the circle. the strain quantities are
! 1 ]
€« =0C+Reos (20" —20) =329
!/
5):\, =QC-Reos (20" —26) = 271
!/
6‘_\'.\,' :'Rsin(zor - 20) = “293 /1
In Fig. E2.6b, the deformed shape of an clement in the reference ortentation is shown. Also
tltustrated 1s the deformed shape in the principal orentation. that is at an angle ol O--14.87 with respect
to the x-axis. Notice that in this oricntation. the deformed clement s not distorted. since the shear strain is

zero. Finally, the deformed shape at @'=25 " with respect to the reference orientation is shown.



F— €;= 1391 —

¢
“‘
€y (max)
=161y
(xv
(a)
//\
- \
Pas \
-~
\
¥ { \ D Detormed
\ \
\ \ £
\ t_ 3 Undeformed

Orientation at 8"

Reterence orientation

Principal strain orientation

{b)

Figurc £2.6 (a) Mohr’s circle for plane strain. (b) Deformed clement is three difterent

oricntations.

Example 2-1.8

At a point on a free (unloaded) surface of an engineering compenent made of an aluminum alloy. the
following strains exist:e = ~0.0005.€ = -0.0035.and 7., =0.003. Deermine the principal
normal and shear strains.

Solution. Since the material is expected to be isotropic. €. can be ebtained  from Fx.6.43. and this is one

of the principal normal strains.

€,=€.= —:h()')%ls—(—().()()()i +0.0035) = -0.00138 Ans
1 =0.345

Where Poisson’s Table 5.2 is used. Substituting the given strains into Egs.6.40 and 6,41 gives the axis

rotations and values for the other two princtpal normal strains and tor one of the principal shear strains

tan 20, = T 0 =-18.4° Y



€ ¢€,=0.004 -0.001 Aus
4
tan 20, = -—.0, =26.6° cew
3
v, =0.005.e,,=0.0015 Ans

The resulting states of strain are shown in Fig. £2-1.8 as (b) and (c). Signs and derections are
determined in a manner similar to that used previously for stresses. In particular, the larger of the two
principal normal strains takes a direction such that 1t 1s more ncarly aligned with the larger of the orininal
€, and€, than with the smaller. Also, the principal shear strain causes a destortion such that the long
diagonal (dashed line) of the resulting parallclogram is aligned with the larger of €, and €, .

The remaining two principal shear strains can obtained from Eq. 6.43.

¥, =le, — €, =10.001 - (~0.00158 )| = 0.00058 Ans
7, =le, — €] =10.004 —(-0.00158)| = 0.00058 Ans

The samce result for the in-plane strains can be obtained by using Mohi’s circle on a plot of

versus  as shown. Two ends of a diameter are given by

(e, .- yj ) = (=0.0005 ,—0.0015 )
Yy
(e, - 72) = (~0.0035,-0.0015)

Analysis on the circle proceeds in a manner similar to that for stress. The special dual sign convention

needed for shear strain corresponds to that for the shear stress that would produce the distortion, clockwise
rotation being positive as in Fig. 2-1.3.

s

L\ 26.6°
"‘\ 0.0015
© v 0.0015
r 4
x' Y
0.005 - ‘03 = .
s G
Gl il
0.0035 (3.5, 15)

0003 Z‘i S

i 0.0005 200 2 (4.0) 103,

—x ol o] !

(a) )’Qw

y - (1.5,-2.5)

Fisure E2-1.8 A state of strain(a) and the cquivalent representations corresponding to principal normal

strains (b) and the principal shear strain in the x-y plane (¢). Mohr's circle for this vase ix shown i (d),



—
@)
[@e]

2-2 N UB3I Hook

W
=<

4 3 oA Y o ow a A oA (3 2 ' 9 9/ 5 Y] __f
mf)wﬂﬂﬂ\ﬂ'j’EN‘U?)ﬂﬂ'ﬂlﬂﬂl«!ﬂ‘ﬂﬂﬂﬂﬂﬂi Uﬂ‘ﬂmﬂ‘mlﬂﬂ@EHJJUQWIOQ‘N’U?{’J'U]ﬂ"]!.lﬂ‘] 1141‘;'311?:)14

o « ) 3/ < o oA ' o~ e 9 5 (1 .—Ay .5 = i
wihnmiAana e i oUtentwmamnifvostag Taode liizfaunfyth
@ [~ .A:J =Y =) w ci: Pl w -~ i I~ = 9
Jequluuuinbaylafnnuiviue uaslinuanyusnudanguihedady

3 o oa r_‘:l o et r:: o 0 vt ' —t
ApAufinatuiudiwuanivng Av Ay Az ewgl 220 9 dusabiaudings
' I P 5 ¢ kY c)/’ at o 9 yay ' S ~ -~ <
narunamsnlasulaiivnanazie anuwuRmniram idudneiansdanionalu
Y V- T < ¢y ' Y AW o g e
HUMAU X, y uaz 7z lasRyuduiudmaeawtuglgmomiaiuvuiued andumou it 1188
dat = ‘e q W ! < = sy =
wualivnan)dountdas udeziglivesrudnldoualamnganeidmumeiuglan
o l -
WIANgUNs il onyu
' ¥ l k4 4
a = =Y i =t o Y @ 3 o 1
1913 M50 ARV ITUAIUNAATINANUABAIIN G MY ATWUIAY
r Ve Vo = Y o = ' 4 :
vl lundasimmaauanueaundedansulasunlasmnueson e o
VBIANUINUA

Ax = Ax +€\Ax
Ay‘ = Ay fS)Ay ' (2-2.1)

ife €. g, uaz €, Fumadvualasanueadondsieanuediuluen « v uas ,
MUY FaFonhanunoadenin 5»31fugﬂ 2-2.2 @WnQYed Hooke §1MTVTandatigunsad:
g sadennazsif Taons sitanud LRI n Yude

€=0/L

£ 15on iR aaamugangl (Modulus of Elasticity) %30 10Qaaunadd (Young's Modulus)




si2-2.2

d,(;/ 1 @ = b4 :JI a
aufuzmmmumgﬂﬁﬂ@@ﬂmimmﬂwmmmmummﬂ 'ﬂ?@@ﬂlﬂlﬂu X 11!3’1?”’1136\71J!HJ'3

UAY y 1AL 2 voaFuANATAANTHAITY fﬁmwﬂﬁﬁiﬂu‘dﬁﬂmTmmaﬁ’nﬂmmﬁu@%@m iag
ﬁ'“a"h_l%:@mmfﬂumamamjmm?Uﬂcﬁjﬂmmﬂmuuwmmmﬁu Faluidino €. Mnefvoadam
ArurEHiamIaT S on unT oA g AN AT sARIRINA TN AR Y Ao S0
Fm03 Poisson v arTaeniiuTeauin souopic Aonmamiiavoe g liulsalAen M feng

3! as [ A
VDIANUNN MTHARAINNLIUNN vy AT 2 ITMINU AD



¥ .
AINUAT UAAINININNAN O

1IN O, A0

160

o & g Il oA -t A A
uag O, ﬂU’iﬁ@UﬂUﬂ’JnJLﬂ‘J HANNANNG,  AIUNT YANING

HAZANWAT UATNANIN O Ao

9 .
dmiuyudiognwld o, G,

=t v e ' et v o @ .
Superposition WUUANUTUWUITSHINADIUAT UA-ATIUAY TNTUITAUUY Lincar

. . 9 Y
Isotropic Material 18

v o N Y A m w
uae GZ WIDUI AU ’I,MLM’Jﬂ'N]J‘ﬂﬂLﬂU]ﬂU Lincar

Homogencous.

A0E19 2-2.1 ANMIAUAYa nilaluiaqde

k4
INMTINNUNT ﬂﬂﬁﬂﬂ1ﬂ1u1

A o
5N

)

N

ANTNNNMLIAT BAT IO O O, tas O

I

1
- E[ox —v (Gy +GZ)] (2-2.2)
1
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1
= E[GZ -v (o, +cy)] 2-2.4)
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10 10
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E [(l—v)gZ +v(e +z:y)] (2-2.7)

G -
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AMTUANUALIZIY G - 0 uazaumsi (2-2.2) - (2-2.4) wanjlauily
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n G - et

¥
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€= 8,(00529a + 8ysin2 93 + ’nysineacosga
g = Elxcoszeb + 8ysin2 Gb + '}’xysinebcoseb (2-5.1)
€= choszeC + ’c".ysin2 Gc +Y, ysineccosec

v
o o
ufeumsnemunez1d €, , € uazy

Xy

E4 T
MInImaNuAs safinnanse lfiaiealia AU UY Electrical Resistance Strain Gage

Taotiane Iuazurulanzune@andudagiiimsda  Taslurulavsinemudwmiaaas 1ide
31 2-5.3 MITAIs suAT09TAN AT BA(Stain Gages)luanyusNIanNUATsAMUNBL E , €, Loy

£ 4
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Ey =&,
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= £ o o o an 9/ ) s
a3 savesganilalutagdmiuaeda (Plane strain) M11Ad13e, .6, Ay, dmiy

[T @ . 1 o 9 A (== w . = A
ex.€, 819 IAITY Talaw strain gage 1Ay, IR 1AL ITANWNNNAD TA strain Tumuiiems fp

g,,&, Uave, 10014 strain rosette falugi 2-5.4 uazauydie, uaze, Wuanwaszandn

TINTUMS

g = 1 (e, +8,) +_1)—(8x —-g,)cos 29“15ny sin 26

)
- = o o
uag y ludimsvesanuinssandndeuiingud s:'1d

€, =~1—(8l +82)+;1)—(8, —¢€,)cos 20

€, 21-(8] +€,) +%(sl —€,)cos 2(0 + a) (2-5.4)

6. =1(s +5,) +%(s, ~€,)c0s 2(0 + o + )

i ¥
Tumad §iid eunsaih 18 Tagfa strain gage 3 A ludimmenidivue daiusziyn o AU uay
4 * v
e, , &, 6, 923018010 strain gage Aaoma @9 N5 1WA unknown)aziieg 3 Uszms Ao & &,

uaz 0 Feazmldninaums 2-5.4)  1un1sda stain gage W11 30 1ddail

45° Strain Rosette o = P = 45° aus (2-5.4) vz 11uaaadl
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31 2-5.3

1 1 5
€ :5(31 +82)+;(8| —¢€,)cos 20

1 I ,
&y =7—(E. +5z)‘;(51 - ¢&,)sin 26

| 1 5
£ =3(% +:,-'_,)~;(si —¢&,)cos 20

AN NAUMI (2-5.5) Mg, uaze, 11 IAINTINVIANNIS
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nenav ldanaums

2e, — €, — &,

tan 20 =

&, — &,

N [ o a
0 foyusznine, uoze, Jammdunininvess,

120" Strain Rosette o, = f = 120° qun1s (2-5.4) vz 1fmaqil

€, =-;—(81 +82)+—;—(81 —£,)C0S 26

1 1 1
€ :"—(81 +82)—_(81 _82)(?2‘C0529—~—2—~

2 2

‘. =%(g1 r8,) - < (e, —82)(%c0526+—2—sin26

2
a [ Y
ANUATYANDN L, LIS £, W'lllﬂi]"lﬂiwﬁlﬂﬂﬁllﬂ'lﬁ

3e? -~ 2e, +e, +e.)e— (% +&°% +&°c —2¢,8, — 26,8, —28,8,) =0

Aemav laanaums
3(s. —
tan20 = ——————\/_(8" £c)
2e, —g, — &,
= ——e

(2-5.6)

(2-5.7)

(2-5.8)

(2-5.9)
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G,
"
c,
nay €, = —— (2-5.10)
©E
d! Yt
Falvinn
o, = [_v? (g, +ve,)
o, =—— (g, +vg)) (2-5.11)
l1-v

@398149 2-5.1 a5 19 strain gages TAvIAINIINIAS oA TUAFMISNTYyL 30° AUTiAN19UBIA LAY

@ ' = a1 d o w [ = =2 :,' ' 3
Uan WUANRNUIAT fJﬂiJﬂ"IL‘]J‘L! 425 pe uag 82 pg MU Lﬂuﬂ'ﬂlllﬂi BAAINIE, ‘t]ﬁﬁ1ﬂ’ﬂll£?%’1xlﬁﬂ

nlunemsvesnsdannunas oa uag anudunan smuald E=200 kN/mm’ 1ag v=0.3

&
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L
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o
qc:qo o
0%
sU E2-5.1
aa o Y 091‘
ITM ANUAUMNRIN o, uae o,
5
c, = —(e, +vg,)
1 —v-
200 x10°
1 -(0.3)°

= 08.8 N/mm:

[425 x 107 +0.3(82 x 10 )]

ey



3
_ 200 X190 g5 107 1 0.3425 x107)]
1-(0.3)°
= 46 N/mm’ Aoy
ABUAT UANAN
b = 36 82) 455, —6:) 05 20 W
1 1 .
& =5 (8 +8)+ (8 —&,)sin2(0+ ) @

auaun13(l) Aeaums)
€, —€ = ;—(81 +¢g,) +—;—[cos 26 —cos 2(6 + a)]
425 x107° - 82 %107 = %(81 +&,) +%[cos 60 — cos 240]

g ~& =686 x107°
£ =& +686 x10°° (3)

UNUTUNT (3) adluanns (1)

425 x107° :—;—(52 ++686 x107° + &) +%(52 +686 x10™° — £,) cos 60°
g, =-89.5 us Asll
uay g =596.5 ue noy
ANUAUNSD
G, = 3 (g, + ng)
3
_ 200 x10° 1506 5107 1 0.3(-89.5x10 )]
1-(0.3)?
=125.2 N/mm’ fou
o, = ~(g, +Vg,)
T8
3
= M,—[—ws x107° +0.3(596 x5.16
1-(0.3)?
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L = an @ <& ' ' a .
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1 .
g = 1 (e, +€,) +1;(s‘ —¢,)cos 29—;3(\_\ sin 26

"2
Tandimua
g, =¢6,,=04x107, e =¢,=04x10"¢ =g, =0.1x10"
unualugasez 1@
X X ; 1
0.4x107 :;1;(0.4 x107 +0.1x107) +0+ =y, xlI
. .1
04107 =0.25x107 ==y, x1
7., =-03x107
ANUIAT BANAN

1 1 ;
81_:':;(8\ +a})i:\ﬁ8\ ~g ) +(7,)2

Iy2

] 3 H ! 1 30 3 _
£ia =5 (0.4 %107 0.1 <107 + - 04 %107 —0.1x107)" (03107

£, =025 %107 +0.2121 x 107 =0.4621 x 10 Aou
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g, =0.25x107 -=0.2121 x107 =0.0379 x10~* Aol
ANUAUNEN
o, = —— (g, +vg,)
I -v*
3
_ 200107 v 4621 %10 +0.3(0.0379 x107)]
1 -(0.3)
= 104 N/mm’ Ao
G, = E ~(€, +vg,)
2=
= 20001016 6379 %107 + 0.3(0.4621 x107)]
1 -(0.3)
=38.8 N/mm2 Ao

@089 2-5.3  strain rosette fanTlagnAnagiurIvewny langiogmeldnnudu hldewe
= 3 o dy
AN o lAnatl ;
strain gage ¥N101aY 1 ¥agga 0° 81116 +0.000592,
WAy 2 Hiyu 45°911 16 +0.000308,
vy 3 My 90°011 14 -0.000432,
Y
=5 I o @ a
YA Ian UANUIRNDN strain gage MUIBIAY 1. IMIVLIAYBIAINIAT UANANLAL ANV
ANWAS BANAN MODAUIUILAUYEY strain gage MBIV 1. uagWMIANUAUNGNAT  E= 200

KN/mm’ 148 v=1/3

6,000 64
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as w < o 33 o Kl ) o
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€, :5(8l +82)+§(8] —~¢€,)cos 20
1 T, - .

€, 25(81 +gz)+5(s] —~€,)sin20

1 1
e, =—(g +¢,)+—(g —¢€,)cos 20
2 2
' = s Y 1 vy
unumInNmas vaieu lduanzye 914

0.000592 :%(s, +g,) +%(8] —¢,)cos 20
0.000308 2;—(8, +82)+;—(8] —¢€,)sin26

—-0.000432 = 15(81 +€,) +1§(81 —¢€,)cos 20

Aun13(1) VInduaumsG) 14
e +g, =0.00016

quN13(1) audeaumsG) 14

cos 26(g, —€,) =0.001024
0.001024
g —€, = —————
- cos 20
UNUAEUNIT (4) uag (5) aalu () ag 1

1 0.001024

0.000308 = - (0.00016 ) + - ( ) sin 20
2 2 cos 26
tan 20 = 200008 = 0.000308 _ 4453155
0.000512
tan 26 =tan 156°
20 =136°
6=78"°
wnu 0 = 78° aglu(s)
0.001024
€ ~& =
cos 156°
g, —¢. =-0.00112
ALANMT(@AWANMNI6) vz 1A
£, = 0.00064
g, = —0.00048

MIANIAUKAN

r
G, = —— (&, tVve,)
=V

(M
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(5)
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200 x10°

[-0.00048 + ; (0.00064 )]

X 3

1-(3)
D

= - 60 N/mm’ Aoy

E
o, =1———7(82 +ve,)

_ @_X]_“L [0.00064 + %(—0-00048 )]
1 —(‘3“)2

= 108 N/mm’ noY

. 24 e g 2 s 2 y
A30819 2-5.4  strain rosette Funilegnaneginavesiudaulassade Weudmlnssainiunse
Y

I ¥
IUMANUIAS saInav U 1AA9T ;

Gage N8N Armaneuiy ANUAT IR

gage NINBLAUT 1

1 0° +425%10°
) 45° +542x10°
3 90° +82x10°

§1 E = 200 kN/mm® tag v=03 9MwuIavesnnuiunanuazirnivesnnudunan ooy
UUILNUVDT gage NUIOLAY |
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ad o & [~ o . oY
IHM 1140991741]1 45° Strain Rosette A1

1
425 x10°° =:12~(£, +f92)+§(£l —&,)cos 26

1 :
542 x10°° =15(g, +gz)+5(g, —£,)sin 26

82 x107° = ’;“(51 +&,) +15(£| —&,)cos 20
AuMs(OuINfuaun1iG) 1a

g +& =507 x10"°

auauMs(DAeaumsG)1d
343 x107°
g —& =
cos 24

ENUMENNTS (Duaz( 5) aalu(2)
1 343 x107°

1 ) .
542 x10°° = 5(507 x107%) +§(W) sin 26
tan 20 = tan 59°16'
6 =29°38’
INTUNT (5)

4 -6
g —€ _ 3810 69h 549 %107

2 05 59°16
INTUNT (4)nLaz(6)
g = 589.7745.10°°
g, = —82.7745 107

ANWAUNAN
E
o, =—— (& +Vve,)
1 —v°
) 3
- 200107 107 [589.7745 x 107 + 0.3(~82.7745 x10™°)}
I -(0.3)
= 124 N/mm2
o, = (&, + V&)

I —p
200 x TO3MN /'

1 —(0.3)°

= 20.8 N/mm’
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o . s a i+ aa A o o 4
6120614 2-5.5 strain rosette FUNTIGRARBYUURIBA YOI IN Myu 0 AwanelugE2-5.5 1o

[

tg’ [} = ~ ] 9 a 2,' a 4 A
Fudrunamsildounasgiieliuda anmns vademinfien 1din gage a, b, ¢ fio ¢, &, , 8 AW
R

=Y 4 o o v =
(1) VAGUUNTUMS T MTUMINVBIANUATUAE €, , €, IUINBNVBIE,, £, £, 1AT O

(2) JIIFUNITTINSU delta rosette (0 = 60°) 148 rectangular rosette (0 = 45°) 1AV

31 E2-5.5

I5M (1) direction cosine U849 arms a, b. ¢ AMUEIAL Ao
(I,,m,,n,)=(10,0),(,,m,,n,) =(cos6,sin6,0),(I.,m,n.) = (cos 26, sin 20,0)
b g
ANuAS sasaRInvessa U TuNanIe (L m. n) s ldaInaunts (2-5.1) Ay DINFMI2-
v
5.1) ANUIAS UARININYDI arms a. b, ¢ AD

€, = €

XX

i

£, = £, (COS* O) + £, (sin’ @) + 2z, (cos A)(sin 9)

€. = £, (COS* 20) + £, (sin® 20) + 2¢,,(cos 20)(sin 20) (1
Y ] y & : ul Yo
AUMs (1) U5znoudie 3 auMsBRzuAfomANede &, , &, 1A A0

87)()( = ga
(e, —2¢,)sin40 + 2¢,sin 20
o 4sin’ @ sin28

2¢,(sin? 0 cos?® 20 —sin® 20 cos® 0) + 2(«, sin® 20 - £_ sin* 0) o)
- » 4sin? ¢ sin2¢ B
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(2) €ISV delta rosette 7110 =60°, cosO=1/2, sin6=+3/2, cos20=-1/2 unag

. 3 4 o
sin20 = 4/3/2 Wilznsuu 100 = 60° aums (2) 2znaIely
va = 8a

_ 2(g, +€,) €,

hAd ~

J
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g =2

¥ -\/5

C
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o o 2 .
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sin20 = 1 msiznziiu e 0 = 45° qums (2) szilaoulihily

€, —¢€

XX a

g, =¢

13 ¢

€, =&, ——;—(83 +g.)
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W3IeRgin D,F. D, #19i190° yuienauuedlus

AAT IANAN

g, =01,g, =02

452

a5°

199
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sin Ga cos 9

20x10° = € cos 0"+ € sin 0+ Y, sin0’ cos 0’

€= € cos’ 6‘1 - &, sin’ 93 +Y

Y

-6 - 2,20 . =0 -0
80x 10 = € cos 45+ & sin 45 +Y sin45 cos45

100x 10" = € cos 90"~ € sin’ 80"+ sin90" cos 90"

dagdeumaluuld
20x 10° = € (1
80x 10" = 03E -05€ =05V, (2)
100 x 10° = € (3)

nnua €, &, adldluauns ()
80x 10° = 0AN20x 10" -0SNT00x 107 - 0.5V
Y. = 000004 - 40x 10"
[ 3/ A ~ <
2) wiIAg, €. 0 dwdsunauvoslis

A998 N (20 x 10720 x 10T 1azan Y (100 x 107 .- 20 x 107
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i ] ) 2 I
:‘(‘91 +‘93) i_zf[(gl “92) +(52 —83) }/

gmax, min 2

32, FRenUURgNINNINARBLITIBINARBLINENIAIAINIAT BAUANLATATAULAT tIA
Raugean lnansiafafadnAuAT iALULStrain Rosette Aauanlugll Tawudnd
A1 €, .6, 6, WML 520 x 107,360 x 107 ,-80 x 10~ muasu

33. ffmamedadannuaT uauDStrain Rosette fananslugl azldnaaes ¢ g, .6, W

AU +250 x 107, +683 x 10™° 183 x 10™° AINAYFL AIANIUNIANANNULAT A

WAN UATAIINIAT LAIRDUGIGN

7,
N
\%¢¢

silda 33 gildia 34

9.
|

34. fFafesadnANLAT BALLLSTrain Rosette Asuanlugl azldnares & g, & Wi

U 270 x 107,160 x 107° 225 x 10™° AINRIFU 2IATWINIAIAINAT AN

LAZVIANIIUBITEUNLARN

35. Aasfigatiannis (1) uag (2) 183N19ARFIAITAAIINLAT B ALLLSErain Rosette 60 8367

€ +¢g, +¢€ 2
£, = «L——3”~——‘i§\/8a(zu ~¢,)+e.le, —g, )+e (e, ~€,)

36. AfgAdANNIT (1) uAz (2) 283NISAAFIFITAAINMAT YALLLIStrain Rosette 45 B4A

€ ++¢ 17 :
£, = _1’_1_7___‘-+—;f\/(gu ~-€, )— +(8/, —8‘»)2
z 2
€, +¢e.—2¢e

Tan2 0/, =

g —~€

220



221

37. fafinrguvssnssuaniauiadutiiuaudnataviaiy 500 Ju. wua 5 9x. Radn
psiaf uavuRadeieuanslugTelda & il 255x 10 uaz &, WL 60x 107
ashmmALs AU e luTee wazAAdumAnuazA AL ugae
AMuAlH G 1 80 Gpa (Mau P = 12.48 MPa, 6,= 62.4 MPa, G, = 31.2 MPa,

T = 31.2 MPa)

max

250mm

gillia 37 silie 38

L4

38. AngUuannsfaseindaAuAT BALUL Strain Rosette T9ldinaiall €, &, ¢, 0

AU 575 x 107, -57.5 x 107°,220 X 107 GINAIAL  SIAUIMIE, AN
ANLAT EANANUATAIAIINLAT LALEBUGIAR "(MBY &, =127 51e 8, = 220E, &, =

150 pe, T, =370 x 10° rad)

max

39. vawmanaumduinAudnatwiniy 10 gu. fdwandlugy Jusslinnssin Fenldiiia

2
o ar =

AT € WU 300 x 10°° TaeRnnn9BimfedmA21diAsT 8Ll 25° FTULLILNWYIaY

WAN MuuAlHAT G 117D 80 GPa (m9u 12.30 kN.m)

gildia 39
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fUa1%in 9
a W a a & =t
%2981509 N1TUATMEHAHLAT A (4)
(3 7lat9)

A2INARIIVLAA
1. madhenzianues seenfrdamummanueioe o g(ﬂﬂ%ﬁo WaENII
wlaganuniea "fiaa:ﬁgmmwaaaumiﬁﬂﬁmﬂﬁoﬁmwmsmaamwmﬁu
2. (fiasen differential equation U84 strain component ﬁagji 6 ums law
#89NNTW" dependent variable tREY 3 67 F908ITANURFUNUTIZRING strain
component tial# compatible  UMSALEAITIANUFURUETEAING strain

component #.3 81731 compatibility equation

nszasAmInIeng
1. dwmanueioe o 3agunilsld

2. \@8uRNNNIVES compatibility 16

dotoihan
[ - a I's e
W8N 6. N1TILATITHAIINASHA

® MIMANUATUA T4 IR WL

®  FUNTIVDI compatibility
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HieN 6 MINATIZHAIBAS A

a d L=
2-6 MINANTHANNIAT A
o o s Qs 1 Q A 1 )
2-6.1 MSINAAIINHATAIIHISErain  component IAQUANIUTUNTUT BT UNA
= A o o o ° ] v o 3 ot = ot =t
ARG vadonNUFURUT VIR IHLBgaa1e 9 vudagriuliawldoul) anuaioa &
6§,] 2 ¥1IAAD normal strain #3530 logitudinal strain Ll1¥ shearing strain
a P a d? 3]1 an ' a‘ L] a 4 1 d?} =_
Tasinanisuldeugiifeduns 3 fa  uaieldnisdmszdazainuasdistiu 39
o i o < a 4 o £ [
WsIn1sulAsugivousiamug (clement ) 180 9 voadagrunavummnIzluszuIy xy A9
a a Y a 3 A
waaslugyl 2-6.1 manaougluuinulng 9 90 0 NavudewLVAD ANMWEII OC LAY OF
] ¥ [ ¥ '
;Y v o dw (Y] 1 s =
wWasulasly wasiduisaeamyu ldreanuduinsiu msdadauldsugiiasswuun
o ‘3 9 =Y 1Aan A ' a
nayudo15 e hiliias sninumion
] ¥
dufdsunaslunnuemdeanunufuveuduase Sendn anunsessain (

v v @ 4

normal strain JUNUAWHYANHE € (epsilon ) ardnuIROIMEA AR AI0NHIHDORBIZY

'
= [

NAMuANvuduNgnIanuas ua

U

X P
E‘ ————
!
I D !
E f /
Y / !
/ !
(%% /4 ,
o_ __}— ¢’
0 Ax

A s — B
| i"*—“‘.‘!"’—’!"‘éi“ o/~“’i6//A

;:’“) (b}
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[ ' t o
17 AL Tugil 2-6.2a Wluszozszndnega 2 3aUu elastic body ABUNIZYALIINIWUBN

° a [~ { 4 1 @ { ay
e Iine strain A Wunwerilaou ldvesscerszning AB nwndennhl body 7 -

QnILIININTEI normal strain fio

AS  dd
€= 1 — (2'618)
limar =74
HAZANUNABYDI normal strain A
€, = éé (2-6.1b)
AL

. .ooA 1 o = o d' ¥ ¥ & o @
Shearing strain fi9 A1vosyuilwsiRouinlaou ljveudunse 2 dusailuyunindu
1 o o o 3 [ [ '
Apufiszgnusiatousnuinsei daiudusild 0A wez OB Wwduassdenanlu
elasticbody mugﬂ 2-6.2b 15192 TA shearing strain fo

'Y:e+¢ (2-6.1¢)

¢ (%yy+dq, )
ot q
/ B(x+d% 4 %)

sU2-63

R
N

. 3 ¥ = & ' i ' P
lumsn strain component 11‘1&511"1%15&&1@@ Al xy.2) mag“lu elastic body HOUN
' 3
4t . o I = ¥

body 9% deform 3@ A.B.C.D ¥ coordinate mmgﬂ 2-6.3 YO39ON body U deform 427 3R

AB.C.D vzndouhlogiiga A" B .C'D" awdidy Taenaluuda displacement vo3gala o

=1 9 o . 7= :L = I

¥V 3 component 9w v uag witl displacement Tune XV HAT z UBIYA A HHUAD vector AA

DAY component u. v IAE w

u=u(x.y,z)
Vo= \;( x‘y’z‘ )

w = X{ X.V,2)
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15719211 coordinate 4843AA19 9 1#157 project imma'ﬂyawuazum Xy ,yz A zx
A931 2-6.4a , 2-6.4b LAz 2-6.4c WTAU9NGY 1379214 coordinate maqgﬂmdwf:fiauuazmﬂ
W&991N7 elastic body 7 deform uddait Iduaaao 3 lumsne 2 -6.1

91nM191ANIUYDI normal strain 131924HU normal strain Tuiiemn1a x , €130 M3

a : Y ' P ' A
Lﬂaﬂuﬂ’lmﬁﬂ’l‘umm‘u AB A8HUINUIUAITNYIAD

(x+dx+u+u,x dx)—(x+u)—dx

8)(\ =
' dx

8xx = u’x

&% normal strain Ul yuag z fio
(y +dy +v+v, dy)—(y+v)—dy

e, =
X dy
gyy - V’,v
e - (z+dz+w+w,,dz) - (z+ W) -dz
22 dZ
gzz = w’z
A13199 2-6.1
) . i . T
N®U deformation Nad deformation
g9 coordinate P2 coordinate
X X +u
A y A' y+v
z Z+ X
x +dx x+dx+utu, dx
B y B' y+vtv, dx
z ztwtw, dx
X x+utu, dy
C y +dv c’ ytdy+viv. dy |
z z+x+w, dy
X x+u+u,zdz .
D 4 D' y+vtv, dz
z+dz
zHdzrwrw, dz
I e —




| v+v,%ol\.}

(a)

- i !
d3 1 a0 3 e | )
®) I e’
R A “«1 9
o- \:}
~34 VvV P‘r—;i
g \}-——*F Pt et
%}'. v"«'vnad\a
,,‘\U*\A)%de
b Y
w-fw.,daL i
T
| 1 /
() Az d‘f; {WJ’ B
.‘J'lj._-~.-1 J"L—u = wa}wmdx
T 8 f
o - X
W L
S —
> k»u*u,,dx‘
31U 2-6.4
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. . 99 = .
Tunsm component Y84 shearing strain s s profection UHILUIU xy mugﬂ

2-6.42 MINA1SINANITNYDY shearing strain 1HIZUIU xy AO

ny = u’y + V’x

o = Y a R . d .
lukhusauReriudus1Wsan projection VUSEUIY yz UBY zx 15109214 shearing

strain DNEADY component fio

1z 3y

sz=v+w

YZX = u +w’x

>z
v

k4
AUU13192 19 strain 19NN component 9

ou ou ov
8xx = u’x = L ? Yx = u’y+ V’x = Tt
ox y dy X
ov ) v ow
€, = v, = —a—y— N A T a—z+a-
ow ou ow
gzz = W’z ) 'sz = u’z+ W’x - AT
oz oz 0z

=4 1 =] 1 = @ u’/l
157924913 projection AIUUTTUIL xy 30 yx N IANAIFUASIAURTIY

Yo=Y » Yo =Ya » Yu = Ta

. o A a LA S A a Y dgl «
normal strain Nﬂ1lﬂuﬂ3ﬂluﬂlﬂ@ﬂl‘iﬂﬂﬂﬁlﬂkla3Nﬂ'l&ﬂuﬁﬂmﬂmﬂﬂﬁW@WI’NJ‘L! qIU

. . T~ { A U 3 Ag =} I oo o A
shearing strain umvﬂumﬂ maymzmmaumwmamﬂummmanamazumzﬂuauma

k4 [ 8
YuUHNVUIANLAY

a

2-6.2 M3 strain & 90 q K
9 J<t Y o . 4 IE . 1 ~
1% AB iluiduns wuadu (line element ) 390811 elastic body HIUYA A IAWY1Y

Y - G . £ s . . o
dr Gli/i n e unit vector UBIUTU AB LAXYN direction cosine SiRY

é . / 9(14&3,*4&\2;21C§}%>

o\l
/ - ?;f

} M{.;M
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cos{nx) =1 , cos(ny)=m , cos(nz)=n
azﬁ’yu dx = 1dr , dy = mdr , dz = ndr (2-6.3)
Tuvaiz elastic body 7 deform 1du AB ﬂzmﬁau"lﬂagiﬁ A'B' Taof u, v uaz w i
displacement component Y839A A dus porject & AB uaz A'B’ asuuszuI Xy, yz 48% zx

A31) 2-6.6a 4 2-6.6¢ 15192 14 coordinates ¥p3ya A uaz B dai lduaas B luais1ed 2-6.2

2
Y
‘)
Cw’ﬂd% et
R H
i : v ¢ _":_.‘A':“":—"‘""—“e’ o
) // ~ I y
d‘a / .,A’/B; T \V‘\'\‘,‘AK {-v’ad\z dt Vd ! v “"’n‘d‘i + \/, %&E
*_.-.___. /_’:_‘g-‘, {;f R /
v A i L_L /Ae
l W 4 . i 2 v ~m'
e _}L X v >
() bty bk vy du by
2
&
D
'3"“'” T A wsvi_d .
2 R M W@ ~&w)§d$
3 h/.{r{/ //lﬁl
i (\ik—'

\t eud v, dxguy di

, >

el X M dhy —3

(c) ;

31 2-6.6



M99 2-6.2
fIOU deformation N34 deformation
9 Coordinate P Coordinate
X X+u
A y A y+v
z zZ+w
x +dx x +dx+u+u, dx+ u,ydy +u,,dz
B y +dy B’ y+dy +v+v,dxt+ v,dy +v,dz
z+dz z+dz+w+w,dx+ w,ydy +w,,dz

1% & 111 normal strain v8udu AB lufiams i aINAISIAAAILYDA strain

_ A'B'—aB
" AB
2
(1+ €, )2 - A_’B_, (2-6.4a)
AB

UAN (A'B')’ = (dx+ u,dx +u, dy +u,,dz Y+ ( dy+ v, dx +v, dy +V,ZdZ)2

+(dz+ w,dx + w,dy + w,dz )
nay (AB) = (dx)’+(dy)’+(dz)" = (dr)’

unua1 (AB) , (A'B'Y waz ( 2-6.3) aslu (2-6.42) 151914
(1+ €, )2 = [I(I+uv,) +mu, +n u,z]2 +[1v, +m(l+ v,y) +nv,]
+ 1w, +mw, +n(l+w,)]’ (2-6.4b)
& ~ 9 @ . ] 3 o :/I 2 Y Qy =t
(1109911348 097Y small strain theory iniuAaiu €, ° = 0 uazliaznanouil
' 2 R v @ ¢ ! . , . s
order @09 1HU (u, ) *, (v,.)’ , (v,,) 1Wudu udr1Fanuduiussening direction cosine I'+

m’+n’ =1 quns (2-6.4b ) aznaeiiu

g, =l"u +m’v +n’w, +Imu +v )+mn(v,+w )+nl(u, +w.) (2-6.5a)
nsoti ldauns2-6.2)d 1519z 14
2 2 2
€ =1, +mE +n€, +1mY +mnY +nlY, (2-6.5b)
A . =y ey [l 9/ &R @ e 3 &£ o o
IUB3IN strain UAT stress NAMTNUAY NS NARWAINUAIUNIIVIIZUATIEN
. Y 14 R w @ dy
strain 1A0A13 1A NUAR10AAIND stress faae 113
LW\‘L!ﬂ"I%TﬂfTiJﬂTﬁ (1-2.1) aa‘luﬁums (1-1.5b) m%z"lﬁ
G, = 120\\ + m:O'\ﬁ nanJr 2ImT _+2mnT,+2nlT,,

) 4 =) ~ o =1 '
CINLﬁi’JHJ'i YUMNOUNUTUNIT (2-6.5b ) ILIHUN
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T, —> X T,
v Y
wazdunld g = XY
2
tcnsorﬁ’@
e
XX
(€) = | €
yX
e
zZX
N30
e
XX
Y
(g) = |2
2

~2

XZ
2

4

yz
2
- i yz
¥z ,
Xy
e e
yy
e
zy

—
>4
<
—
>
N

2 2
Y
€ b
yy 2
Vo .
2 7z

%)

2

= . B
13719% Y symmetric strain

(2-6.6)

y . E . . NUUUPIN' F =S = ¥
AU WIT0NEMT principal strain 1A direction la1F1UAEINU IUNTHVD siress 17 €

3 3
. . . [TEY 4 [ A o (3 - .
WNU principal strain 31w 192 A aunsasae JH&115 U151 pricipal strain

HE-€)-mE +nE, =0

e +mE -€)+nE, =0

e, +m& -n€, -€) =0

|

e -€ e

‘ XX YX

| &€ e

' Xy ¥y

| € o

SV VZ
] m:

) 3
2101015 (2-6.70) gnnszngoonu e [daunis

g 1 -

t

1E-1. -0

(2-6.7a)

(2-6.7b)

(2-6.7d)
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4 =< :/' R A V6 = w
lagi U N (Y invariant IS@WYBY strain LAZUATMULOUAYINUALNIG (1-4.2¢)

T ¥ . 14 < . . . k4
lAUNITUNY stress 198 strain component it € ,8 .8 11l principal strain 15192 18R
v @ d = v @ =
TUNUD MYHAINUANAUNIT (1-4.20) AD

1, =8 +&.+ &,

1,=E€&,+&,E,+EE, (2-6.7¢)

1,=€ &8,

e J =€ +€ +E,

1,=€.E,+€. € Y“

AT vy vy Fzz // A 7

/ v

-€ €€ -¢ (—)-8( )- €,

RS Yy 2z

lunsaives plan strain uuﬂa €,=€,=€,=01913% 1ﬂprincipal strain LAY direction

Tui LU INY stress AD

[ 2
gxx -E gxx -& 5
€.6=— Iy [ el (2-6.82)
: 2 2
ZSX
tan 20 = ——-—yé— (2-6.8b)
Xy yy

(3]
—
pont

3317 pricipal strain LAY dircction

I5N 1NAUMT (2-6.7b)
1-€ 2 2

(R

I-e 1

l
|
|
|
;2 ] | - €|

|
|
|
i
|
|

(-EN(1-€) - 1] - 212(1-€) =2] = 22 - 2(1-€Y) - 0
hio 8(8:-384%\ - 0

#

AIEAEL NN € 0.¢, 74372 € =-1372
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v
Principal direction agm 1Roinms I¥aums (2-6.7a.c) asil

€=¢,.
I, +2m, +2n, =0 (a)
2, + m ~ n, =0 {b)
2+ m + n =0 (c)
1% m 40 =1 (d)

I~1 [
910 (a ) iUae (b) ASHMUN

1
l,=-2m (m,+n) ung I = —;;(mI +n)

=2 & v g ¢ 4
Feaziu 11 1Annaiie m,+n, =0
}4
REARNY I,=0 uag m, = n,

UMM 1, m, o0, aslu (d) (WA m, ifu +) ezld

1> |

£ 4
LY

A91iU principal strain €, = 0 AsEMALLAY x .y, z (DU 90° | 45° uaz 135° A

% o =3 .

AU UUAD principal plane fn plane vz

Tuuesdvaiu Tasmsldaums2-6.7ac) iV e, 1oz &, WWUNIZUIVHANAD

I, = cos(€,.x) = 0.6425
m, = cos(€..y) = 0.5418
n, = cos(€..z) = 0.5418
I, = coslE.x) = -0.766
m, = cos(€.v) = 0454

n, = coxt€.z) = 0454

EXAMPLE 2-6.2 Three ~ Dimensional State of Strain
The parallelopiped in Fig E2-6.4 is deformed into the shape indicated by the dashed straight ines
(small displaccments). The displacement are given by the following relation tu = Cave v -
Cxyzand w = Cxvz

( a ) Determine the state of strain at pomit £ when the coordmate of pomnt E* tor the
deformed body are (1.504.1.002.1.9961.

( b)) Determine the normal strain at E in the direction of line 1A

( ¢ ) Determine the shear stramn at E for the undeformed orthogonal fines EA
and I



cJG? 3
Fe
d
’
/
/
//
D D'\\ E// 2.000m
—~He-
|
!
| C
1 ce 7
{
I
1.500 m
A L /

A* )
1.ooom—7/

Fig. E2-6.2

SOLUTION The magnitudes of C,, C,and C, are obtained from the fact that the displacements

of point E are known as follow: u, = 0.004 m . v, =0.002 m and w,= -0.004. Thus

0.004
U= ————Xyz
3
0.002
V= XYz
)
0.004
w=- Xyz
3

(‘a) The strain components for the state of strain at point E are given by

Ou  0.004
- = yz=0.00267 . €_ =0.00200 , € = -0.00200

N Ok 30

e

: | 004
g -1 Ov, Ou __1_(0002 v 2 sz;o.oozm
©o2l Ok @y 2 3 -

Y, =2€, =0.00583 .Y, =2€_=-0.00007
y
t

=28 = -0.00300

A/ N

( b) Let the X axis lic along the Jine from E to AL The direction cosines of EA arc [, =0 . m

| 2
—= and n, - - —=. The magnitude for €
A R

2 h
- 2 e 2 e
€.-€.m +& n 128 mn,

233

‘:_

¢ ) Letthe Y axis lie along the line from E to . The direction cosines of EF are L, = -1 .m, =0

and n, - 0. The shear strain V= 2E_is given by

Vo268, =28 Lm 28 Ly

[N

0.00533 —0.00007 )2}
SUNCERER LRSS

. —
VD \/ A



2-6.3 aAUNITUDY compatibility
ar o 5 . . 2
mmamauwuﬁ’azmw strain component 8% displacement field u, v, w Fu311dmn
< 1 ot . ' Ve
udluaunts (2-62) 1519zmAuldIusdl differential equation 8Y 6 AUNIS  UAIUI

P ot o q’;’ < v = .
dependent variable wﬁ’aamﬁmagmm 36780 u v w Rztwse lanunsaiozm single-

De

'
&

. - ' . F2
valued solution U949 u, v. w NTUNT (2-6.2) 18 1uAD strain field las compatible @IBLHAY

aQ

2 o I =t v w ' . < <8 @ @

i)amxﬂumzé’@mmmﬁuwumzmn strain component AUMTNUTADIANUTUNUS
1 . dyd § ' v e . £ Y .

IEMIN strain component fi¥e15 on compatibility equation mgﬂﬂuwuiﬂa Saint Venant

¥y
Wuauusn aumsmaiii@eennazigeildTaoms differentiate a3 (2-6.2)) Ao

P N ’ (2-6.92)
. Te. TV (2-6.9b)
€. teu_ Vo, (2-6.9¢)
28, =Y. =Y. FVa e (2-6.9d)
26, =Y. Vo Vo) (2-6.9¢)
26 =Yoo ~Ya_ T ) (2-6.91)

dmsulunsgived plane strain 1usgUIU xy WUAD €. =e_ =&, =0 compatibility
v
equation 3 Wea@uM AL ANINY AD

€ FEL =Y. (2-6.10)

(10819 2-6.4 81 strain component Tunsivoq plane strain fo

£, = Ax7 + Bi” £ =By’ + A v, =2B8xv
~ ~ E P . g o) ) : A W oy Y
Taoh A uay B dJuainail suain field 1ilu18%59 . d1097 sw fieid 10T 19014 29

ud L il 1a) 14

ad o
I8

e =28 s =28 v =28

vy e VLU RS
ARl TS (2-6.10) 15198 1A
43 B

P R T T T - ' ot L. - 3 -
Fatlu TN E venFEsIN N B =0 2211 spai field 0732 A0

6, =X e = Ay v, =0

8111077 B 1Tl swain ficld A933sna00]u

6= AT+ B £= By - v, =4bxy
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2.34. The tension member in Fig. P2.34 has the following dimensions: L = Sp,
b = 100 mm, and k = 200 mm. The (x, y,z) coordinate axes are paralld
to the edges of the member, with origin 0 located at the centroid of th
left end. Under the deformation produced by load P, the origin O remain
located at the centroid of the left end and the coordinate axes remap
parallel to the edges of the deformed member. Under the action of load;,
the bar elongates 20 mm. Assume that the volume of the bar remains con

stant with €., = ¢,,.

(a) Determine the displacements for the member and the state of strain
at point @, assuming that the small-displacement theory holds.

(b) Determine €,, at point @ based on the assumption that displacements
are not small.

fe L2 / b
/ 7/ -
P - T o—- i ] P .
0
LN
x L 1
y
Figure P2.34

2.35. In many practical engineering problems, the state of strain is approximatet
by the condition that the normal and shear strains for some direction, say, i
z direction, are zero, that is, €,, = €., = €, = 0 (plane strain). In Chapter 3
it is shown that analogously, €,, = €,, = 0, but ¢, # 0 for members made d
isotropic materials and loaded such that the state of stress may be appro¥
imated by the condition ¢,, = g,, = 0,, = 0 (plane stress). Assume thl
€.x» €, and €, for the (x,y) coordinate axes shown in Fig. P2.35 @
known. Let the (X, Y} coordinate axes be defined by a counterclockwis

transformation for plane stress, show that the transformation equations
of plane strain are €xy = €,,¢05* 8§ + €, sin” 6 + 2¢, sinfcos§ and €yy =
—€,,sinfcosf + €,,sinfcos 6 + €, (cos? 6 — sin? 6). [See Eq. (2.30).]

Y

bet-
»

Figure P2.35

2.36. The square plate in Fig. P2.36 is loaded so that the plate is in a state of
plane strain (€., = €., = €., = 0).

(a) Determine the displacements for the plate given the deformations
shown and the strain components for the (x, y) coordinate axes.

(b) Determine the strain components for the (X, Y) axes.

Y
pe———— 1 m
A { B X
______ —B8*
rxl T _‘ i
1 mm !
Straight lines
% 4 !
3 I
lk—— 2.5 mm
!
4] fer x
0 c

Figure P2.36
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2.37. The square plate in Fig. P2.37 is loaded so that the plate is in a state of

2.38.

2.39.

2.40.

2.41.

2.42.

plane strain (¢,, = €,, = €, = 0.)

=Y
!
3
w
'

L4

yato —y ]
25mm Y |a \ g!3.5mm
\ H )y
i .
i = T m e X
] { 1
t '
\ 1y
‘\ \ Strawght lines
1
\ g=x ‘\ 1 mm
! 6 CYy ¥

=]

S

(a) Determinc the displacements for the plate for the deformations shown

and the strain components for the (x, y) coordinate axcs.
(b) Determine the strain components for the (X, Y) axes.

Ans. (a)u = —0.0020x — 0.0030y, v = 0.0010x + 0.0025y, €, = —0.0020,

€, = 00025, y,, = 2¢,, = —0.0020;
() exx = —0.00174, €y = 0.00224, yxy = 2€yy = 0.00290

Determine the orientation of the (X,Y) coordinate axes for principal
directions in Problem 2.37. What are the principal strains?

The plate in Fig. P2.39 is loaded so that a state of plane strain (¢, = ¢,, =
€., = 0) exists.

(a) Determine the displacements for the plate for the deformations shown
and the strain components at point B.

(b) Let the X axis extend from point 0 through point B. Determine €,
at point B.

Ans.  (a)(dimensions in m) u = 0.000667xy, v = 0.001333xy, €, = 0.00200,
€,, = 0.00200, y,, = 2¢,, = 0.00500;
(b} €4, = 0.00400

y — r—3mm

e
4 ///”\"B' 6 mm
A B
Straight lines

30m

r“—‘*—LS m —>

0° C
Figure P2.39

The nonzero strain components at a point in a loaded member are €, =
0.00180, €,, = —0.00108, and y,, = 2¢,, = —0.00220. Using the resulis of
Problem 2.35. determine the principal strain directions and principal strains.

Solve for the principal strains in Problem 2.40 by using Egs. (2.77b) and
(2784

Ans. € = 0.00217, €, = —0.00145, € =0
Determine the principal strains at point E for the deformed paralielepiped
in Example 2.4

When solid circular torsion members are used to obtain material propertics
for finite strain applications, an expression for the engineering shear strain ¥
15 nceded, where the (x, z) plane is a tangent plane and the z axis is paralicl (o
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2.44.

2.45.

2.46.

2.47.

2.48.

»

N

Figure P2.43

the axis of the member as indicated in Fig. P2.43. Consider an element
ABCD in Fig. P2.43 for the undeformed member. Assume that the member
deforms such that the volume remains constant and the diameter remains
unchanged. (This is an approximation of the real behavior of many metals.)
Thus, for the deformed element A*B*C*D*, A*B* = AB, C*D* = CD, and
the distance along the z axis of the member between the parallel curved lines
A*B* and C*D* remains unchanged. Show that Eq. (2.71) gives the result
7.« = tan «, where « is the angle between AC and A*C*, where y,, = 2¢,,
is defined to be the engineering shear strain.

A state of plane strain exists at a point in a member, with the nonzero strain
components €, = —2000 g, €,, = 400 y, and €,, = —900 4.

(a) Determine the principal strains in the (x, y) plane and the orientation
of the rectangular element on which they act. (See Example 2.6.)

(b) Determine the maximum shear strain in the (x, y) plane and the orien-
tation of the rectangular element on which it acts.

(c) Show schematically the deformed shape of a rectangular element in
the reference orientation, along with the original undeformed element.
(See Example 2.6.)

For the rectangular strain rosette, Fig. 2.20b, let arm a be directed along the
positive x axis of axes (x, y).

(a) Show that the maximum principal strain is located at angle 6,
counterclockwise to the x axis, where
2¢, — €, — €,

tan28 = —2&
- €

(b) Show that the two principal surface strains €, and €, are given by

€, + €
€ =—F—

€, + €
+R, €2=—2'—E—R

where
R = %[(En - 6‘)2 + (2€b — € — 6()2]”2

(¢) Construct the corresponding Mohr’s circle for the rectangular rosette.

For the delta strain rosette, Fig. 2.20a, let arm a be directed along the positive
x axis of axes (x, y).

(a) Show that the maximum principal strain is located at angle §,
counterclockwise to the x axis, where

ﬁ(fb —€)

€, — € — €,

tan26 =

(b) Show that the two principal surface strains €, and ¢, are given by

=€"+€“+6‘.LR 6:€a+€b+€c_
3 o 2 3

R

€

where

5

R= %[(2641 — € €t)2 + 3(60 - Er)z]”‘
{¢) Construct the corresponding Mohr's circle for the delta rosctte.

Let the arm a of a delta rosette, Fig. 2.20q, be directed along the positive x
axis of axes (x, y). From measurements, €, = 2450 1, €, = 1360 y1, and ¢, =
—1310 4. Determine the two principal surface strains, the direction of the
principal axes, and the associated maximum shear strain e,.

Let the arm a of a rectangular rosette. Fig. 2.20b, be directed along the posi-
tive x axis of axes (x.v). Using Mohr's circle of strain, show that 2eyy =

Try = 26, — €, — €.



6.27 Tor purc planar shear, where only 7, is nonzero. verify the principal stresses. strains, and

plancs shown in Fig. 5.10.

6.28 At a point on the free surface of an engineering component made of a low-carbon steel.
the following strains exist: €, = 0.0005, £, = 0.00025. and y,, = 0.0006. Detennine the

principal normal and shear strains.

6.29 By modifying the equations for stress, develop equations for the normal and shear strains
on the octahedral plane, €, and y,. Express these in terms of the components of a gencral
three-dimensional state of strain: £, £,. &, ¥iy» Vy:. Voo What is the signiticance of £,7
Under what conditions is the octahedral planc for strain the same as the one for stress?

8.77-8.82 For the states of plane strain listed,

use the strain transformation equations to
determine the strains associated with axes
rotated through angle 6 from the x-axis.

€ €, £ [}
8.77 500 500 w Op 30°
878 -300p 200 180 . 20°
8.79 1000 p 500 p 100 0 20°
8.80 300 —300p -200p 30°
8.81 On 00w —400p 15°
8.82 800 500 1 O 45°

8.83-8.88 Use Mohr's circle method to solve

Problems 8.77-8.82.

8.89-8.94 Use the Mohr’s circle method to

8.95

8.96

8.97

8.98

determine the principal strains for Prob-
lems 8.77-8.82.

During the testing of a beam, the following
strains were recorded from a 45° strain
rosette.

€ =700 €& =50p e =-50pu

Determine (i) the principal strains and
(2) the in-plane maximum shear strain.
During the pressure testing of a tank, the
following strains were recorded from a
rectangular strain rosette.

€ =400p € =600p € =900

Determine (1) the principal strains, and
(2) the absolute maximum shear strain.

A machine part has a delta strain rosette
mounted to it before loading. After the
maximum load was applied the strains were
recorded as

& =500 &=700p e =300p

Determine the principal strains and maxi-
mum in-plane shear strain.

A thin rectangular plate is subjected to nor-
mal stresses as shown in Figure P8.98. The
strain - gauges record e = (000 W and
€ =400 . Assuming that £ = 200 GP.
and v = 0.30. determine the stresses o
and o,.

Figure P8.98

8.99

8.100

8.101

8.102

8.103

8.104

8.105

The strains measured on the outside surface
of the cylindrical pressure vessel of Figure
P8.99 are:

€, = 500 p and €, = 240 p.

The angle 8 is not known. The diameter of
the vessel is 24 in. and the thickness is 1/8
in. The material is ASTM-A242 high-
strength steel. Determine  (a} the stresses
o, and o, in the shell, (b) the principal
stresses at the outer wall surface, and
{c) the pressure in the vessel. Notice that
when two orthogonal strains are measured
the angle 0 is not needed to determine the
normal stresses.

Figure P8.99

T

A light pressure cylinder is made of an alu-
minum alloy. The cylinder has a 3.5-in.
outer diameter, a wall thickness of 0.065
in., a modulus of elasticity of 10.3 x 10°
psi, and a Poisson’s ratio of 0.334. if the
internal pressure is {860 psi, what is the
principal normal strain on an element on
the circumterence?

An axle from a large carth moving tractor
has a delta strain rosctte mounted (o it
before loading. After loading the strains
were recorded as:

€, =1000pn € =500pn € =200p

Determine the principal stresses in the
shaft. Let £ = 30 x 10 psi and v = 0.30.
The safety of a bndge across a river s
investigated by inspectors who determine
strains €, = 1000 p. €, = =200 p. and
Yo = 800 . The safety code indicates that
the  maxtmum  allowable  stresses  are
a = 20,000 psiand 7 = 15000 psi Based

on these allowable stresses, s the bridge
safe? Use £ =29 x [0° psi, G =12
X 10" psicand v = 0.30.

‘The following normal siramns have been
determined on a body

€ =500p € =400 € = =200

Determine the ditatation of the body.

A submerged tank is subjected o u hydro-
static pressure of p = 8O psi. The material
of the tank is steel with £ = 29 % 10" ps
and v = 0.30. Determine the bulk modutus
and dilatation of the material

A solid steel sphere is subjected to a hyrdo-
static pressure p that reduces the volume by
0.03%. (1) Determine the piessure poand
(2) determine the bulh modulus A, for Uie
steel. The steel has £ =2 29 N 10" po

vo= 030,
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Problems

23.1 (B). Given that the following strains exist at 8 point in a threc-dimensional system determine the equwalcnl

stresses which act at the point.
Take E = 206 GN/m? and v =0.3.

£, =00010  y,, = 0.0002
€, =00005 7, = 0.0008

£, = 00007  y, =00010
(420, 340, 372, 158, 634, 79.2 MN/m?

23.2 (B). The following cartesian stresses act at a point in a body subjected to a complex loading system,
If E = 206 GN/m? and v = 0.3, determine the equivalent strains present.
0o = 225MN/m* g, =75 MN/m? o, = 150 MN/m?

1,, = HHOMN/m? 1,, = 50 MN/m? T = TOMN/m?
[764.6, 182, 291, 1388, 631, 883.5, all x [0~¢ )

23.3 (B). Does a uniaxial stress field produce a uniaxial strain condition? Repeat Problem 23.2 for the following

stress field:
0, = 225 MN/m?

[ =T,

yy = 0 T Ty =Ty,
[No 1092. —-321.7, -321.7,0,0,0, all x 1075}
23.4 (C). The state of stress at 2 point in a body is given by the following equations:
o, =ax+by*+c® ot =l+mz
Ly = dx +ey? +f2° t,, =ny+pz
0, =gx+hy +k2® 1, =qx?+s?

If equilibrium is to be achieved what equations must the body foree stresses X, Yand Z satisfy?
[—(a+2sz); = (p+2ey); —(n+2gx+3kz%))

23.5 (C). At a point the state of stress may be represented in standard form by the following:
Bx?+3y’—z)  (z—6xy-3) (x+p-3}
(z—6xy—3) 32 -0
(x+y-3) 0 Bx+y—z+3)
Show that, if body forces are neglected, equilibrium exists.
23.6 {C). The plane stress distribution in a flat plate of unit thickness is given by:
g,. = yx>—2axy+by
=xy® -2

5y

x‘
—3x?y? +ay? +5 e

#

Ty

Show that, in the absence of body forces, equilibrium exists. The load on the plate is specified by the following
boundary conditions:
w
. At x=ii, 0, =0
w
2

6, =0

At x = —

where w is the width of the plate.
If the length of the plate is L, determine the values of the constants a, b and ¢ and determine the total load on the

edge of the plate, x = w/2.
3w wdowt Wil
BRI - T
13 4

23.7 (C). Derive the stress equations of equilibrium in cylindrical cootdinates and show how these may

simplified for planc strain conditions.
A long. thin-walled cylinder of inside radius R and wall thickness T is subjected to an internal pressure p. Show

that, if the hoop stresses are assumed independent of radius, the radial stress at any thickness ¢ is given by

il
o, = ==1
(R+0{T

23.8 (B). Prove that the following relationship exists between the direction cosines:
Pami4n?=1

23.9 (C). Thesixcartesian stress components are given at a point P for three different loading cases as follows (all
MN/m?):

Case 1 Case 2 Case 3
[ 100 100 100
0, 200 200 —200
b, 300 100 100
7, 0 300 200
[ 0 100 300
T, 0 200 300

Determine for each case the resultant stress at P on a plane through P whose normal is coincident with the X axis.
{100. 374, 374 MN/m° ]

23.10 (C). At a point in 2 material the stresses are:
g,, = 312 MN/m? g, = 184 MN/m? o, = 149 MN/m?

»

a,, = 680 MN/m? 6,, = —18.1 MN/m? 6,, = 32MN/m?

3

Calculate the shear stress on a plane whose normal makes an angle of 487 with the X axis and 7t with the Yaus
[413MN m°]
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23.11 (C). At a point in a stressed material the cartesian stress components are:
0, = —40MN/m*> o, =80MN/m* o, =120 MN/m?
»= T2MN/m* o,=46MN/m? o,= 32MN/m’

Calculate the normal, shear and resultant stresses on a plane whose normal makes an angle of 48° with the X axis and
61° with the Yaxis. [135, 86.6, 161 MN/m?]

23.12 (C). Commencing from the equations defining the state of stress at a point, derive the general stress
relationship for the normal stress on an inclined plane:

ag

0, =0, 1" +0,.n" +a,m +20,Im+20,,mn+20,ln
Show that this relationship reduces for the plane stress system (o,, = 0,, = g,, = 0) to the well-known equation
a,=4(0,,+0,)+0,.—0,)c0s20 + g, sin 20
where cos 6 = 1.

23.13 (C). Ata point in a material a resultant stress of value 14 MN/m? is acting in a direction making angles of
43°,75° and 50°53’ with the coordinate axes X, Yand Z.
(a) Find the normal and shear stresses on an oblique plane whose normal makes angles of 67°13', 30° and 71°34’,
respectively, with the same coordinate axes.
) If o, = L5MN/m?, 0,, = ~0.2MN/m? and 6,, = 3.7 MN/m?* determine o,,, 0,, and g,,.
[10, 9.8, 19.9, 3.58, 23.5 MN/m?.]
23.14 (C). Three principal stresses of 250, 100 and — 150 MN/m? act in directions X, Y and Z respectively.
Determine the normal, shear and resultant stresses which act on a plane whose normal is inclined at 30° to the Z axis,
the projection of the normal on the X Y plane being inclined at 55° to the X Z plane.
[—752, 1345, 154.1 MN/m%]
23.15 (C). The following cartesian stress components exist at a point in a body subjected to a three-dimensional
complex stress system: :
d,, =97MN/m?> ¢, =143MN/m*> o, = 173MN/m*
a,=0 6, =0 a,, = 102 MN/m?*
Determine the values of the principal stresses present at the point. 2338, 143.2, 358 MN/m’.]
23.16 (C). A certain stress system has principal stresses of 300 MN/m?, 124 MN/m? and 56 MN/m?.
{a) What will be the value of the maximum shear stress?
(b) Determine the values of the shear and normal stresses on the octahedral planes.
(¢} If the yield stress of the materia! in simple tension is 240 MN/m*, will the above stress system produce failure
according to the distortion energy and maximum shear stress criteria?
(122 MN/m?; 104, 160 MN/m?; No, Yes)
23.17 (C). A pressure vesscl is being tested at an internal pressure of 150 atmospheres (I atmosphere
= 1.013 bar). Strains are measured at a point on the inside surface adjacent to a branch connection by means of ag
equiangular strain rosette. The readings obtained are:
6o =023%  £.130=0145%  £_130=0103%

Draw Mohr's circle to determine the magnitude and direction of the principal strains. E = 208 GN/m? and v = 03,
Determine also the octahedral normal and shear strains at the point.

0.235%, 0.083%, ~0.142%, 9°28"; £ot = 0.0589 %, Yo = 0.310%]
23.18 (C). At a point in a stressed body the principal stresses in the X, Yand Z directions are:
g, = 499 MN/m? g, = 2.5 MN/m? 0y = —63 MN/m?

Calculate the resultant stress on a plane whose normal has direction cosines | = 0.73, m = 0.46, n = 0.506. Draw
Mohr’s stress plane for the problem to check your answer. [38 MN/m?}

23.19 (C). For the data of Problem 23.18 determine graphically, and by calculation, the values of the normal and
shear stresses on the given plane.

Determine also the values of the octahedral direct and shear stresses.  [30.3, 22 MN/m?; 234, 22.7 MN/m?.}

23.20 (C). During tests on a welded pipe-tee, internal pressure and torque are applied and the resulting distortion
at a point near the branch gives rise to shear components in the r, 6 and z directions.

A rectangular strain gauge rosette mounted at the point in question yields the following strain values for an
internal pressure of 16.7 MN/m?:

6o =00013 £, =000058 g5 = 000187

Use the Mohr diagrams for stress and strain to determine the state of stress on the octahedral plane. E = 208 GN/m?
and v = 0.29.
What is the direct stress component on planes normal to the direction of zero extension?
{00 = 3IOMN/m?; 1o = 259 MN/m?; 530 MN/m?}
23.21 (C). During service loading tests on a nuclear pressure vessel the distortions resulting near a stress
concentration on the inside surface of the vessel give rise to shear components in the r, 8 and z directions. A
rectangular strain gauge rosette mounted at the point in question gives the following strain values for an internal
pressure of S MN/m?.
6o =150 % 107°, £,5 = 220 x 1075 and £5o = 60 x 10°°
Use the Mohr diagrams for stress and strain to determine the principal stresses and the state of stress on the
octahedral plane at the point. For the material of the pressure vessel E = 210 GN/m? and v =03.
{B.P.] [525, 13.8, — SMN/m? doq = 21 MN/m?, 1, = 24 MN/m]
23.22 (C). From the construction of the Mohr strain plane show that the ordinate }y for thecase of a = f = 5
(octahedral shear strain) is
$lle —e2)? +(e; — ) + ey — )]
23.23 (C). A stress system has three principal viaues:
g, = 154 MN/m? 0, =13MN/m* o, = 68 MN/m?

(a) Find the normal and shear stresses on a plane with direction cosines of | = 0.732,m = 0.521 withrespect to the
o, and ¢, directions.

(b) Determine the octahedral shear and normal stresses for this system. Check numerically.
{126, 33.4 MN/m?; 112, 35.1 MN/m*]

2_3.24 (C). A planc has a normal stress of 63 MN/m? inclined at an angle of 38° to the greatest principal stress
which is 126 MN/m?. The shear stress on the plane is 92 MN/m? and a second principal stress is 53 MN/m?. Find the
value of the third principal stress and the angle of the normal of the plane to the direction of stress.

[-95MN/m?; 60"
23.25 (C). The normal stress 6, on a planc has a direction cosine [ and the shear stress on the plane is 1, If the two
smaller pnncipal stresses are equal show that
c 1
oy =a,+-2 J(t=1) and G, =0y =0, T, —5——
I Va=)

I 1, = 7SMN/m?, g, = 36 MN/m*® and | = 0.75, determine graphically o, and 0. {102, —48 MN/m?*]
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23.26 (C). If the strains at a point are ¢ = 0.0063 and y = 0.00481, determine the value of the maximum principal
strain g if it is known that the strain components make the following angles with the three principal strain directions:

Fore: a« = 385° p =56° y = positive
Fory: o = 128°32 B =45°10 y' = positive [0.0075.)
23.27 (C). What is meant by the term deviatoric strain as related to a state of strain in threc dimensions? Show
that the sum of three deviatoric strains £1, €3 and ¢} is zero and also that they can berelated to the principal strains e,
¢, and &, as follows:
et +ef +ef =4(e, — &) + (2 — ) + (e —€,)] [CEL]
23.28 (C). The readings from a rectangular strain gauge rosette bonded to the surface of a strained component
are as follows:

£ =1592x107% £, =308x107% g =—432x107°

Draw the full three-dimensional Mohr's stress and strain circle representations and hence determine:
(a) the principal strains and their directions;
(b) the principal stresses;
{c) the maximum shear stress.
Take E = 200GN/m? and v = 0.3.
[640 x 10™¢, — 480 x 10™%; at 12° and 102° to A, 109, —63.5, 86.25 MN/m?]

23.29 (C). For a rectangular beam, unit width and depth 24, simple beam theory gives the longitudinal stress
a,, = CMy/I where
y = ordinate in depth direction {+ downwards)
M = BM in yx plane (+ sagging)
The shear force is Q and the shear stress ,, is to be taken as zero at top and bottom of the beam.
a,, = 0 at the bottom and ¢,, = — w/unit length, i.e. a distributed load, at the top.

Opy = Opp = 0y = 0

Using the equations of equilibrium in cartesian coordinates and without recourse to beam theory, find the
distribution of 6,, and o,,. -

T T

w 323 Q ]
UL}le, = —{d?y~"-— 1| o, =——(d?—y?).
t ]["" 21( 73 3) O =g )
23.30 (C). Determine whether the followiﬁg_smﬁ'ﬁelds are compatible:
@ e =243y 4241 (B) e, =3y 4xy

e, =2y +x2+3z+2 g, =2y+4z43

g, =3x+2y+:27+1 £, = 3zx+2xy+3yz+2
Yoy = 8xy Yey = 6xy

Ve =0 Yy =2

Y =0 Y =2y

{Yes] [No]

23.31 (C). The normal stress o, on a plane has a direction cosine [ and the shear stress on the plane is 7. If the two
smaller principal stresses are equal show that

T l
oy =a,+- /(10— and o;=03=0,——
! ! Ju-1m
23.32 (C). (1) A longthin-walled cylinder of internal radius Ry, external radius R and wall thickness 7'is subjected
'0an internal pressure p, the external pressure being zero. Show that if the circumferential stress (o ¢) is independent
of the radius r then the radial stress (o,,) at any thickness t is given by

R, (T~1)
6 = —po
" T (Ro+1)

The relevant equation of equilibrium which may be used is:

do,, 0a¢,, dao, a4, =6
90 100 00n (00w £
or r 08 dz

(ii) Hence determine an expression for oy in terms of 7.

{iii) What difference in approach would you adopt for a similar treatment in the case of a thick-walled cylinder?
(B-P.] [Rop/T]

23.33 (C). Explain what is meant by the following terms and discuss their significance:
(a) Octahedral planes and stresses.
(b) Hydrostatic and deviatoric stresses.
(¢) Plastic limit design.
(d) Compatibility.
{¢) Principal and product second moments of area. [(B.p]
23.34 (C). At a point in a stressed material the cartesian stress components are:
¢,, = —40 MN/m? a,, = 80 MN/m? a,, = 120 MN/m?

6, = TMN/m? o, =3MN/m? o, = 46MN/m?

% ¥

Calculate the normal, shear and resultant stresses on a plane whose normal makes an angle of 48° with the X axis and
61° with the Yaxis. [B.P.J [135.3, 86.6, 161 MN/m? )

23.35 (C). The Cartesian stress componcenls at a point in a three-dimensional stress system are those given in
problem 23.33 above.

(a) What will be the directions of the normal and shear stresses on the plane making angles of 48° and 61° with the
X and Yaxes respectively?
(I'm'n’ = 0.1625, 0.7010, 0.6914; [, m,n, = —0.7375, 0.5451, 0.4053)

(b) What will be the magnitude of the shear stress on the octahedral planes where [=m=n = l/\,"_;?
[10.7 MN/m?]
23.36 (CL. Guven that the cartesian stress components at a point 1n a three-dimensional stress system are:
g,, =20 MN/m?, a,,= SMN/m?, g, = ~SOMN/m?
T, =0, 1,, = 20 MN/m?, 1, = —40MN/m?
(3) Deternune the stresses on planes with direction cosines 0 8165, 0 4082 and 0.4082 relative to the . Yand 2
axes respectively [~142 461, 438 M M/m7]

(b) Dretermune the shear stress on these planes 1 a direction with direction cosines of 0, —0.707. G.707.
[39 MN/m'}
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23.37 (C). Ina finite element calculation of the stresses in a steel component, the stresses have been determined as
follows, with respect to the reference directions X, Yand Z:
o, = 109 MN/m? g,, = 519 MN/m? ¢,, = ~27.8 MN/m?

= —413MN/m? 1, = ~-89MN/m? 1, =385 MN/m®

Yx,

It is proposed to change the material from steel to unidirectional glass-fibre rginforced polyester, and it is important
that the direction of the fibres is the same as that of the maximum principal stress, so that the tensile stresses

perpendicular to the fibres are kept to a minimum. i ) . .
Determine the values of the three principal stresses, given that the value of the intermediate principal stress is
3.9 MN/m?. [—5338; 3.9; 849 MN/m’]

Compare them with the safc design tensile stresses for the glass-reinforced polyester of: parallel to the fibres,
90 MN/m?; perpendicular to the fibres, 10 MN/m?. )

Then take the direction cosines of the major principal stress as | = 0.569, m = —0.781, n = 0.256 and determine
the maximum allowable misalignment of the fibres to avoid the risk of exceeding the safe design tensile stresses.
(Hint: compression stresses can be ignored.) (159°]

23.38 (C). The stresscs at a point in an isotropic material are:
g, =10MN/m* ¢, =25MN/m? 0, = SO MN/m?
1, = 15 MN/m? 1, = 10 MN/m? 7, = 20 MN/m?
Determine the magnitudes of the maximum principal normal strain and the maximum principal shear strain at this
point, if Young's modulus is 207 GN/m? and Poisson’s ratio is 0.3. (280 pue; 419 pe]
23.39 (C). Determine the principal stresses in a three-dimensional stress system in which:
0, =40MN/m* ¢, =60MN/m? g, = 50 MN/m?
0, =30MN/m*> o, =20MN/m*® ¢, = 10MN/m?
{90 MN/m?, 47.3 MN/m?, 12.7 MN/m%}

23.40 (C). If the stress tensor for a three-dimensional stress system is as given below and one of the principal
stresses has a value of 40 MN/m? determine the values of the three eigen vectors.

30 10 10
10 0 20
10 20 0

[0.816, 0.408, 0.408)

23.41 (C). Determine the values of the stress invariants and the principal stresses for the cartesian stress
components given in Problem 23.2. [450; 423.75; 556.25; 324.8; 109.5; 15.6 MN/m?]

23.42 (C). The stress tensor for a three-dimensional stress system is given below. Determine the magnitudes of
the three principal stresses and determine the eigen vectors of the major principal stress.

80 15 10
i5 0 25
10 25 0

[85.3; 19.8; —25.1 MN/m?, 0.9592; 0.2206; 0.1771 ]

23.43 (C). Ahollow stecl shaft is subjected to combined torque and internal pressure of unknown magnitudes. In

order to assess the strength of the shaft under service conditions a rectangular strain gauge rosette is mounted on the

outside surface of the shaft, the centre gauge being aligned with the shaft axis. The strain gauge readings recorded
from this gauge are shown in Fig. 23.47.

€ =240x1076
= -6
i 45° EB—?OOXIO Shoft oxis
Jas® -
e =600x10°¢
A
Fig. 23.47.

If E for the steel = 207 GN/m* and v = 0.3, determine:
(a) the principal strains and their directions;
(b) the principal stresses
Draw complete Moh's circle representations of the stress and strain systems present and hence determine the
maximum shear stresses and maximum shear strain.
[636x 107° at 16.8° 10 A; —204 x 107 at 106.8° to 4; ~360 x 10™° perp. to planc; 159, — 90, 0 MN/m:":
i 79.5 MN/m?, 996 x 107¢.)

23.44 (C). Atacertain point 1n a material a resultant stress of 40 MN/m? acts in a direction making angles of 45 .
70° and 60" with the coordinate axes X. Yand Z. Determinc the values of the normal and shear stresses on an oblique
Plane through the point given that the normal to the plane makes angles of 807, 54%and 38° with the same coordinate
axes.

Ifo,, = 25MN/m?, 6,, = I8 MN/m? and 5,, = ~ 10 MN/m?, determine the values of o, ,, 0,, and g,, which act
at the point. . {28.75, 277 MN/m?; —35,29.4, 289 MN/m* }

23.45 (C). The plane stress distribution in a flat plate of unit thickness is given by

6, =x’y-2y’x

0, = y’x~2pxy+gx

¥
o, =7 —3x¥y 4 pxlts
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1t bods forces are neglected, show that equilibrium cxists.
The dimensions of the plate are given in Fig. 23.48 and the following boundary conditions apply:

at y =+

and aty = —

Determine
{a) the values of the constants p, ¢ and s; b b bt
(b) the total load on the edge y = +b/2. [B.P} [T, R ;_4 :I

23.46 (C). Derive the differential equation in cylindrical coordinates for radial equilibrium without body force of
an element of a cylinder subjected to stresses o,, g,.

A steel tube has an internal diameter of 25 mm and an external diameter of 50 mm. Another tube, of the same steel,
15 to be shrunk over the outside of the first so that the shrinkage stresses just produce a condition of yield at the inner
surfaces of each tube. Determine the necessary difference in diameters of the mating surfaces before shrinking and
the required external diameter of the outer tube. Assume that yielding occurs according to the maximum shear stress
criterion and that no axial stresses are set up due to shrinking. The yield stress in simple tension or compression
=420 MN/m? and E = 208 GN/m2. {C.E.L](0.126 mm, 100 mm.]

23.47 (C). Fora particular plane strain problem the strain displacement equations in cylindrical coordinates are:

! g =—, &=

T ar

Show that the appropriate compatibility equation in terms of stresses is

cu u
= &=V =V =V, =0

dg, i )6o,+ 0
vi——(l—vjr—+0¢,~0, =
Tt o 10T

where v 1s Poisson’s ratio.
State the nature of a problem that the above equations can represent. [CEL]

23.48 {C). Abarlength L, depthd, thickness ¢ is simply supported and loaded at each end by a couple C as shown
in Fig. 23.49. Show that the stress function ¢ = Ay® adequately represents this problem. Determine the value of the

coefficient A in terms of the given symbols. [A =2C/1d’)

Fig. 23.49.

23.49 (C). A cantilever of unit width and depth 2415 loaded with forces at jts free end in Fi
stress function which satisfies the loading is found to be of the form: endasshown in Fig.23.50. The

¢ =ay? +by* +exy® +exy
where the coordinates are as shown.

w

M
i
=

Fig. 23.50.

N/

22\

Determine the value of the constants g, b. c and e and hence show that the stresses are:
o, = P[2d +3My/2d*> — IWxy/24*;
¢, =0
1, = 3Wyt/ad® —3W/4d.
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23.50(CY A cantilever of umit wadth length £ and depth 2y s loaded by a hnearly distnibuted load as shown in
Fig. 23,51, such that the load at distance 1 1s ¢ per unit Jength. Proceeding from the sixth order polynomial derinve

|
Ao

e dale
1 "
pe]
2

Fig 2351

the 25 constants using the boundary conditions, overall equilibrium and the biharmonic equation Show that the
stresses are

v 5
0,, = L%’ +%J-(—-2,\'_\’ +5a’xy)
X y? o 3y
LS LY L D
3gx? q 3q
= ey (a? —y’J-—ga3 (a‘—y‘)+—zoa (a*~y%)

Examine the state of stress at the free end (x = 0)and comment on the discrepancy of the shear stress. Compare the
shear stress obtained from elementary theory, for L/2a = 10, with the more rigorous approach with the additional
terms.

23.51 (C). Determine if the expression ¢ = {cos® 6)/r is a permissible Airy stress function, that 1s, make sure it
satisfies the biharmonic equation Determine the radial and shear stresses (0,, and 1,5} and sketch these on the
penphery of a circle of radius a

2 6 .
[n,, = 5cos9(3~5cos’8); 1, = ——cos’Bsin 0.]
r r

23.52 (C). The stress concentration factor due to a small circular hole in a flat plate subject to tension {or
compression) in one direction is three. By superposition of the Kirsch solutions determine the stress concentration
actors due to a hole in a flat plate subject to (a) pure shear, (b) two-dimensional hydrostatic tension. Show that the
ame result for case (b) can be obtained by considering the Lamé solution for a thick cylinder under external tension
when the outside radius tends to infinity. [(a) 4; (b) 2.}

23.53 (C). Show that ¢ = Cr’(a — 0 +sin 6 cos 8 — tan «.cos? §) is a permissible Ai i
expressions for the corresponding stresses a,,, 0gg and T1,,. > 1y stress function ang derive
These expressions may be used 10 sojve the problem of a tapered cantilever beam of thi i
distributed load q/unit length as shown in Fig. 23.52. mof thickness crmyinga Umfonmy

a/unit fength

Fig. 23.52

Show that the derived stresses satisfy every boundary condition along the edges 8 = 0°and 6

for the constant C in terms of ¢ and « and thus show that: = Obtaina value

qr
O =————— when § =0°
t(tana —a)

Compare this value with the longitudinal bending stress at 8 = 0° obtained from the sim

_ 5o o . le bendi
@ =5°and « = 30°. What is the percentage error when using simple bending? ple bending theory when

= 9 . s o (o .
[C = Si(ana—a) —02% and -76% (simple bending is lowcr)}
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8.67 A ductile steel has a yield strength of 36 ksi.
Determine if it will fail based on (1) the
maximum shear stress theory and (2) the
distortion-energy theory, for each of the
following stress states:

(a) o, = 10ksi, o, = —3ksi, 7, =0
(b) o, = 10ksi, oy, = 3 ksi, 7, =0
(c) 0, =0,0, =0, 7« = 8ksi

{d} o, = 15ksi, o, =0, T = 5 ksi

8.68 A ductile machine part has a yield strength
of 350 MPa. It is loaded so that the follow-
ing stresses below result. Determine if the
machine part will fail based on (1) the max-
imum shear stress theory and (2) based on
the distortion energy theory.

{a) o, = 70 MPa, 5, = —70 MPa,
T =0
(b} 0, =0, 0, =0, 7, = 100 MPa
{c} 0, = 70 MPa, 5, = 0, 1, = 100 MPa
(d} o, = — 100 MPa, o, = — 100 MPa,
Ta =0

8.69 A thin-walled cylindrical pressure vessel of
American Society for Testing Metals
(ASTM) A36 steel has an outer diameter of
100 mm and a wall thickness of 5 mm.
Determine the internal pressure that wouid
fail the material by yielding based on the
distortion energy theory.

8.70 A 1.5-in.-diameter shaft is made of steel
with a yield strength of 36 ksi. Using the
maximum shear stress theory. determine
the magnitude of the torque T at which
yielding first occurs.

8.71 Solve Problem 8.70 using the distortion
energy theory.

8.72 A lever is sitbjected to a downward force of
500 1b. It is keyed to a round bar of 3/4 in.
diameter as shown. The round bar is made
of 36 ksi yield strength material. Based on
the maximum shear stress theory will the
bar fail?

Figure P8.72

F =500 b

Resicting
orque

8.73 A sohd aluminum bar of 10 mm dismeter is
built into a wall at onc end and subjected to
a torsional moment 7 = 20 kN - m and an
axial load P = 5 kN at the frec end Based
on the maximum shear stress theory will
the bar yicld?

Figure P8.73

10 nun diameter T =20 RN
¥
( | (- r=six

‘ ¥ N
300 mm ———-—-‘—:

8.74 A thin-walled pressure vessel is made of an
aluminum alloy tbing with o vield strength
of 138 MPa The vessel his an outer

diameter of 60 mm and a wall thickness of
1S e What iaternal noecare wonldd

312

cause the material to yicld based on the dis-
tortion energy theory?

B.75 A cast iron press, with ultimate strength in
tension of 60 MPa and ultimate strength in
compression of 170 MPa, is subjected to
loadings that result in the following states
of plane stress. Based on the Coulomb-
Mohr theory, will the press rupture?

{(a) o, = 10 MPa, 0, = 0, 7, = 10 MPa
(b} o, = 10 MPa, o, = — 10 MPa,

Ty =0
{c}) o, = 40 MPa, g, = 40 MPa, 7, =0
(d}) o, =0,0, =0, 1o = 50 MPa

8.76 A cast aluminum machine part, with ulti-
mate tensile strength of 10 ksi and ultimate
compressive strngth of 20 ksi, is subjected
to a state of plane stress shown. Determine
the normal stress ¢, at which failure may
be expected based on the Coulomb-Mohr
theory.

Figure P8.76
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