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ตามที่พระราชบัญญัติการศึกษาแหงชาติ พ.ศ.2542 และแกไขเพิ่มเติม (ฉบับที่ 2) พ.ศ.2545
มาตรา 10  วรรคสี ่  กำหนดใหการจดัการศกึษาสำหรบับคุคลซึง่มคีวามสามารถพเิศษตองจดัดวยรปูแบบที่
เหมาะสม โดยคำนึงถึงความสามารถของบุคคลนั้น และในมาตรา 28  ยังไดกำหนดใหหลักสูตรการศึกษา
สำหรับบุคคลซึ่งมีความสามารถพิเศษตองมีลักษณะหลากหลาย  ทั้งนี้  ใหจัดตามความเหมาะสมของ
แตละระดบั โดยมงุพฒันาคณุภาพชวีติของบคุคลใหเหมาะสมแกวยัและศกัยภาพ



คำชีแ้จง
ตามที่พระราชบัญญัติการศึกษาแหงชาติ พ.ศ. 2542 และที่แกไขเพิ่มเติม (ฉบับที่ 2) พ.ศ.2545

ในมาตรา 10 (วรรค 4)  ไดกำหนดใหการจัดการศึกษาสำหรับบุคคลที่มีความสามารถพิเศษ ตองจัดดวย
รูปแบบที่เหมาะสมโดยคำนึงถึงความสามารถของบุคคลนั้น และมาตรา 28 ระบุวา หลักสูตรการศึกษา
ระดบัตางๆ รวมทัง้หลกัสตูรการศกึษาสำหรบับคุคลซึง่มคีวามสามารถพเิศษตองมลีกัษณะหลากหลาย ทัง้นี้
ใหจัดตามความเหมาะของแตละระดับ โดยมุงพัฒนาคุณภาพชีวิตของบุคคลใหเหมาะสมกับวัยและ
ศกัยภาพ นัน้

สำนักงานเลขาธิการสภาการศึกษา จึงไดจัดทำโครงการวิจัยนำรองและพัฒนาเด็กและเยาวชนที่มี
ความสามารถพิเศษมาตั้งแตป 2543  เพื่อคนหารูปแบบและพัฒนาหลักสูตรการจัดการศึกษาสำหรับผูมี
ความสามารถพิเศษในสาขาวิชาตางๆ  ทั้งระดับประถมและมัธยมศึกษา ในลักษณะเรียนรวมในโรงเรียน
ทั่วไป หรือที่เรียกวา School in school Program โดยในปการศึกษา 2547 ไดขยายโรงเรียนเครือขายสู
ภูมิภาคในภาคเหนือและภาคใต ระดับมัธยมศึกษาตอนปลาย  ซึ่งกระบวนการจัดการศึกษานี้เนนการจัด
Gifted Education ขัน้ตอนเริม่ตัง้แตการเสาะหาและคดัเลอืก มกีารพฒันาหลกัสตูรทีใ่ชวธิกีารลดระยะเวลา
เรียน (Acceleration Program) เปนการยนระยะเวลาเรียนใหนอยลง แตยังคงเนื้อหาเทาเดิมครบถวนตาม
หลักสูตรแกนที่กระทรวงศึกษาธิการกำหนด  และจัดทำหลักสูตรเพิ่มพูนประสบการณ (Enrichment
Program) เพิม่เตมิใหกบัเดก็กลมุนี ้ เปนการขยายกจิกรรมในหลกัสตูรใหกวางและลกึซึง้กวาทีม่ใีนหลกัสตูร
ปกต ิ เพือ่ชวยกระตนุความคดิรเิริม่สรางสรรค ทกัษะในการคดิ วเิคราะห การแกปญหา การใชสตปิญญาใน
การใหเหตผุล ฯลฯ  เมือ่ผเูรยีนสามารถจบหลกัสตูรในแตละชวงชัน้กอนกำหนด (เชน ดานภาษาใชเวลา 3
ภาคเรยีน จาก 6 ภาคเรยีนหรอืดานคณติศาสตร ใชเวลา 5 ภาคเรยีน จาก 6 ภาคเรยีน เปนตน) เวลาทีเ่หลอื
โรงเรียนหรือครูผูสอนก็สามารถจัดหลักสูตรขยายประสบการณ (Extension Program) หรือใหนักเรียนที่มี
ประสบการณทำงานรวมกับผูเชี่ยวชาญ (mentor)  ซึ่งเปนวิธีการจัดโปรแกรมการศึกษานอกหลักสูตร
ที่สามารถตอบสนองความสนใจและความสามารถเปนรายบุคคล เชน การจัด AP Program (Advanced
Placement Program) หรือโครงการเรียนลวงหนา ที่เปนการนำเอาเนื้อหาในหลักสูตรระดับอุดมศึกษามา
เรียนในขณะที่ยังเรียนอยูในระดับมัธยมศึกษาตอนปลาย และสามารถเก็บหนวยกิตไวได เปนตน
นอกจากนี้ ยังตองปรับวิธีการวัดและประเมินผลตามสภาพจริง มีการจัดสภาพแวดลอมที่เหมาะสม และมี
การบรหิารจดัการทีเ่อือ้ตอการจดัการศกึษาใหกบัเดก็กลมุนีด้วย

แผนการจัดการเรียนรูเลมนี้ เปนหนึ่งใน 18 เลม ที่ใชประกอบการเรียนการสอนวิชาคณิตศาสตร
ระดับมัธยมศึกษาตอนปลาย สำหรับผูมีความสามารถพิเศษ ในหลักสูตรลดระยะเวลาเรียน(Acceleration
Program)  โดยกำหนดใหมีการเรียนการสอนเพียง 5 ภาคเรียน (ปกติใชเวลาทั้งหมด 6 ภาคเรียน)
ของโรงเรยีนทีเ่ขารวมโครงการฯ เขตพืน้ทีก่ารศกึษาภาคใต โดยแตละโรงเรยีนจะใชแผนการจดัการเรยีนรู
รวมกัน แตอาจจะมีลำดับในการสอนแตกตางกัน ขึ้นอยูกับความเหมาะสมของแตละโรงเรียน
(ดูรายละเอียดแผนการจัดการเรียนรูของแตละหนวยการเรียนในตารางหนาถัดไป)  สำหรับการวัดและ
ประเมินผลตามหลักสูตรลดระยะเวลาเรียน  เปนการวัดความรูความเขาใจของผูเรียน โดยใชขอสอบ
Pre-test และ Post-test ทีอ่อกโดยคณะวจิยั และอาจารยรบัผดิชอบโครงการจากแตละโรงเรยีน เนือ่งจากกระทรวง
ศกึษาธกิารไดพฒันาหลกัสตูรขัน้พืน้ฐาน พทุธศกัราช 2544 ดงันัน้ คณะจดัทำเอกสารจงึไดใชหนงัสอืเรยีน
สาระการเรยีนรเูพิม่เตมิคณติศาสตร เลม 3 กลมุสาระการเรยีนรคูณติศาสตร ชัน้มธัยมศกึษาปที ่5 ตามหลกัสตูร
ขัน้พืน้ฐาน พทุธศกัราช 2544 เปนเอกสารในการอางองิ
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  PQ    P  ( x1,y1)     Q     (x2 , y2 )     1   

    PQ   =    
12

12

yy

xx
      PQ    =   

2
12

2
12 )yy()xx(  

    12 xx    =   a       12 yy   =    b 

    PQ     =    
b

a
       P       Q     

PQ      =    
22

ba  

 

 

 

 

 

 P(x1,y1)            x2-x1= a

y2-y1= b

Q 

PQ

Y 

 1

 X          O               
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  2          X ,  Y 

  P     ( x1,y1 ,0 )         Q    ( x2 , y2 ,0 )     

QR     =   x2 - x1    =     a        PQ     =   y2 - y1    =     b     

PQ         =   
12

12

yy

xx
  =   

b

a
    

   PQR        R     

   

PQ     =  
22

ba      

PQ     =  
2

12
2

12 )yy()xx(      

 

 

 

 O

Z 

   y2-y1= b                  R     

x2-x1= a

Q(x2,y2,0)

P(x1,y1,0)

Y

X 
 2
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 1  

     ( )   u   =   
4

3
 

     ( ) PQ        P     ( 2, 1 , 0 )       Q   ( -1, 1, 0) 

         ( ) u    =    
22

43   =   169    =  25    =   5 

     ( ) PQ  =  

00

11

21

   =   

0

0

3

 

  PQ   = )003( 222   =  9    =  3 

 

   

 

 

    
b

a
        

22
ba     

  
b

a
     

b

a

ba

1
22

 

    

c

b

a

     

   

c

b

a

cba

1
222

 

    (unit vector )
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0

1

0

,

0

0

1

    

1

0

0

   

0

0

1

   i  

    

0

1

0

    j       

1

0

0

     k       5 

                 

 

 

 

                  

O 
X

Y 

 N(0,1) 

i     M(1,0)

j  

  

0

1
    

1

0
    

0

1
   i      

1

0
  

  j       4 

   4 

 Z

Y 

X   5

O

(0,0,1)

k

j (0,1,0)
i

(1,0,0)
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 2 21PP      1P (1, 2, 0)       )1,3,2(P2     

  21PP       j,i       k  

                  21PP      =   

01

23

12

    =  

1

1

3

 

             21PP  =    
222

11)3(    =   119    11  

                   21PP     

  

1

1

3

11

1
  =      

11

1
11

1
11

3

 

               =      

1

0

0

11

1

0

1

0

11

1

0

0

1

11

3
 

 =     k
11

1
j

11

1
i

11

3
 

 

     21PP     k
11

1
j

11

1
i

11

3
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1.     a          u       u
u

a
 

2.     a       u       u
u

a
 

3.     a      u       u
u

a
 

4.     u    =  jbia     

          a      u       )jaib(
u

a
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  6.1 

 

1.   i     j       j,i    k      

     O    

 1) OA    =  
4

1
  =........................................... 

 2) OS     =   

4

3

1

 =....................................... 

 3) AB       A( 1, 2 )       B( -4, 1 )  

  ....................................................................................................................................................... 

  ....................................................................................................................................................... 

  ....................................................................................................................................................... 

 4) CD       C( -3, 4 )       D( 1, -2 )  

  ....................................................................................................................................................... 

  ....................................................................................................................................................... 

  ....................................................................................................................................................... 

 5) PQ       P( 1, -1 , 2 )       Q( 3, 2, 6 )   

  ....................................................................................................................................................... 

  ....................................................................................................................................................... 

  ....................................................................................................................................................... 

 6) MN       M( 0,1, 2 )       N( -1 ,-4, 1)  

  ....................................................................................................................................................... 

  ....................................................................................................................................................... 

  ....................................................................................................................................................... 

 

2.  

1) a     =    
2

1
  ,............................................................................................................................. 

2)        b    =      
4

3
,......................................................................................................................... 
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  6.2 

 

1.  

1)   
4

3
y

2

1
x   =  

8

7
 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

 

2) 
1

1
y

3

1
x   =  

2

3
 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

 

3)        

2

1

1

z

1

2

3

y

3

1

1

x   =  

1

7

3

 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

.................................................................................................................................................................... 

..................................................................................................................................................................... 
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2.      i      j    

    j,i      k     

 1) u   =   
5

2
  ,........................................................................................................................... 

 ..................................................................................................................................................................... 

 2) u   =   

3

3

2

,............................................................................................................................. 

..................................................................................................................................................................... 

3.    3      u   = j12i2  

  ............................................................................................................................................................................. 

 ............................................................................................................................................................................. 

 

4.    4       u  = j4i3  

 ............................................................................................................................................................................. 

 ............................................................................................................................................................................. 

 

5.     10      u  = kj3i  

 ............................................................................................................................................................................. 

 ............................................................................................................................................................................. 

 

6.    u  = j3i2   , v  =  ji5      vu       vu  

 ............................................................................................................................................................................. 

 ............................................................................................................................................................................. 

 ............................................................................................................................................................................. 
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1.         

 

2.   

   a     

1. a     =   

3

2

1

a

a

a

    a      0       X , Y , Z      

         
a

a
,

a

a
,

a

a 321
 

2.   

 

 

3.   

    

   

 

4.   

 1  

1.    

2.   

  7   

 3.    7      1 , 2   
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 2  

1.   

 2.    7     3 

 3.    7     3 

 

5.    

  7    1  .5 

 

6.   

    

1.    

2.     60% 

3.     80% 

 

7.   

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

 

8.    (  ) 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 
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 7 

 

 (direction  cosines) 

    

 

 

 

 

 

 

 

 

 

 

 

 

 

  P( )a,a,a 321     OP  =  

3

2

1

a

a

a

      ,  ,     [ 0 ,   ]   

   OP     

cos   = 
OP

OQ
 =

OP

a1
  , cos   = 

OP

OR
 =

OP

a2
  , cos   = 

OP

OS
 =

OP

a3
 

 

 

    OQ , OR , OS      X , Y , Z 

O

Z

Y 

X

P( a1, a2, a3 )

Q 

 

R

S



⌦
⌦ 67



⌫ ⌫   ⌦
⌫        68



⌦
⌦ 69

         OR      
303

6
,

303

15
,

303

3
 

          
30

2
,

30

5
,

30

1
 

 

         PQ   ,  a      OR          PQ      a        

PQ       OR     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

     

    
2

1

a

a
     

2

1

b

b
     

2211
b,a,b,a       0 

   
2

1

a

a
    

2

1

b

b
   

1221
baba     

       
1

a     
1

b    

       
1

a     
1

b    
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  7 

1.   

1)    P( 2, 5, 3)    Q( 3, 5, -1 ) 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

2)    R( -1, 5, -2)    S( 2, 4, 7 ) 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

3)    T( -3, 1, 0)    V( 4, 2, -3 ) 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

2.  

1)    PQ        P( 1 , 4, 3)            Q( -2, 0, 1 ) 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

2)     P( 2, 5, 3 )   Q( 3, 5, -1 )  

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 
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3)    R( -1, 4, -2 )   S( 2, -4, 7 )  

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

4)    T( -3, 1, 0 )   Q( 4, 2, 8 )  

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

3.  

1)    PQ    P( 1, 4, 3 )    Q(-2,0,1) 

2) a    =  

2

4

3

 

3)    OP        P(5,0,2) 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 

..................................................................................................................................................................... 
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1.         

1.  

2.  

3.  

 

2.   

1.    jyixu 11      jyixv 22       u   v  

       2121 yyxx  

2.   kzjyixu 111     kzjyixv 222       

    u    v      332121 yxyyxx      vu  

3.  

 

3.   

      

 

4.   

       1 

  1.   8    

 2.   8.1     1       3 

 3.   1.1-1.6 

  8  
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  2  

  1.  

   vu     =   cosvu  

 2.   8.1     2  , 4 , 5      

  3  

  1.    

 

 2.   8.2    1 - 5 

   4  

1.  3    

2.   8.2    6 -  8 

3.  

 

5.     8     1  .5 

 

6.  

   

1.    

2.     60% 

3.     80% 

 

7.   

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

 

8.   (  ) 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 
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 (Scalar   Product  or  Product ) 

      

  

 

 1   u   =  j3i2     v    =  j4i3         vu  

        vu     = ()j3i2( j4i3  ) 

    = (2)(-3)  + (3)(4) 

    = 126   

    = 6 

 2   a   =  

2

1

4

      b   =  

3

2

1

       ba  

       ba   =  

3

2

1

2

1

4

 

            =    ( 4 ) ( 1 )  + ( 1 )( -2 ) + ( -2 )( -3 ) 

            =    4 - 2 + 6 

            =     8 

 

 

 

   u    =  jyix 11       v    =  jyix 22       

 u      v        2121 yyxx  

    u    =  kzjyix 111       v    =  kzjyix 222  

   u      v      212121 zzyyxx     vu  
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1.5  

        u    =  

z

y

x

   

    vu  =   

z

y

x

z

y

x

 

     =     xx  +  yy  +  zz 

     =     
222

zyx  

     =    
2222

zyx =     
2

u  

 

2.   

 

2
)3b3a(

2
)2b2a(

2
)1b1a( =   cosvu2)

2
3b

2
2b

2
1b()

2
3a

2
2a

2
1a(  

               332211 bababa    =  cosvu  

 

            vu      =   cosvu  

 

Y

Z 

X 

O 

u

v  

P1 

P2 

vu

   1OP  = u     2OP  =  v  

    12PP  =  vu  

  

2

12PP = cosOPOP2OPOP 21

2

2
2

1  

 u  = 

3

2

1

a

a

a

, v  = 

3

2

1

b

b

b

 , u - v  =

33

22

11

ba

ba

ba
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3.            u      v        0
o
  <    <  180

o
 

       vu      =   cosvu  

      vu      =   0           cosvu     = 0 

        u      0         v      0  

     vu   =   0      cos   =  0 

         =  90 
o
 

         u      v  

     u      v     vu   =   0 

 

 3     u      v      

      ) u    =  
3

2
   ,   v    =   

1

2
 

      ) u    =  

4

2

4

   ,   v    =   

1

7

2

 

          )      vu      =   cosvu    

    cos   =   
vu

vu
 

           vu      =   (2)(2) + (3)(3)  = 4 + 3   = 7 

          u        =    
22

32    =  94    =  13  

          v        =     
22

12   =    14   =    5  

        cos        =    
513

7
  =  

65

7
  87.0  

       )             u        =    
222

42)4( = 16416  = 36  =  6 

                    v        =   
222

)1(72 = 1494   =    54  

                vu      =   (- 4)(2) + (2)(7) + (4)(-1) = - 8 + 14 - 4   =  2          

                               cos   =   
546

2
 045.0  
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  1   ,   2    

  
2

vu   =  cosvu2vu
22

   ................................. (1) 

  
2

vu   =  )180cos(vu2vu
o22

    

  
2

vu   =  cosvu2vu
22

   ................................. (2) 

(2) + (1) 
2

vu
2

vu   =   
22

v2u2 ................................... (3) 

(2) - (1) 
2

vu
2

vu   =   cosvu4    ..................................(4) 

        

vu      =   cosvu        ( 1 ) , (2) , (4 )     

  
2

vu   =  vu2vu
22

   .................................  (5) 

  
2

vu   =  vu2vu
22

   .................................  (6) 

  
2

vu  
2

vu   =  vu4     .................................  (7) 

    

 4      u      v          u  =  6   , v  =  8 

  vu    =  372     u      v  

                  u      v     

  
2

vu          =  cosvu2vu
22

 

  
2

)372(   =     cos86286
22

 

       148        =     36   +   64   -  96 cos  

          96 cos         =    - 48 

       cos              =      
96
48

   =     
2
1

 

     0
o
  <    <  180

o 
          

                                                =      120
o
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  8.1 

 

1.      vu         u       v      

 1)    u    =  j4i3            v      =    ji2     

 …………………………………………………………………………………………………......... 

 2)    u    =  j5i2            v      =    i     

 …………………………………………………………………………………………………......... 

 3)    u    =  kj3i            v      =    k4i3     

 …………………………………………………………………………………………………......... 

 4)    u    =  k4i            v      =    ji2     

 …………………………………………………………………………………………………......... 

2.   

 1)    u    =  j2i3            v      =    j6i9     

 ………………………………………………………………………………………………….........

 …………………………………………………………………………………………………......... 

 2)    u    =  ji3            v      =    j6i2     

 ………………………………………………………………………………………………….........

 …………………………………………………………………………………………………......... 

 …………………………………………………………………………………………………......... 

 3)    u    =  kji2            v      =    k4j2i     

 ………………………………………………………………………………………………….........

 …………………………………………………………………………………………………......... 

 …………………………………………………………………………………………………......... 

 4)    u    =  kj2i            v      =    k4ji     

 ………………………………………………………………………………………………….........

 …………………………………………………………………………………………………......... 

  …………………………………………………………………………………………………......... 

 ( cos 85
o
 20

/
  =  0.0987        cos 85

o
  30

/
   =  0.0958  ) 



⌫ ⌫   ⌦
⌫        82

3.    a    =   
3

2
 , b    =   

1

4
  , c    =   

1

1
    

 1)    caba  

 ………………………………………………………………………………………………….........

 …………………………………………………………………………………………………......... 

2)    )ca()ba(  

 ………………………………………………………………………………………………….........

 …………………………………………………………………………………………………......... 

 3)    )ca(b  

 ………………………………………………………………………………………………….........

 …………………………………………………………………………………………………......... 

4)    )ba()ba(  

 ………………………………………………………………………………………………….........

 …………………………………………………………………………………………………......... 

4.  

 1)    a    =   
3

2
 , b    =   

2

3
  ,....................................................................................................... 

 2)    c    =   
6

2
 , d    =   

3

1
,......................................................................................................... 

 3)    e    =   

1

2

2

 , f    =   

2

2

1

,........................................................................................................... 

 4)    p    =   

1

2

2

 , q    =   

2

2

1

,.......................................................................................................... 
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  8.2 

 

1.     m      u  =  j2i)m1(       v   =  i)2m(im  

 1)      u       v  

 ..................................................................................................................................................................... 

 ..................................................................................................................................................................... 

 ..................................................................................................................................................................... 

 ..................................................................................................................................................................... 

 2)      u      v  

 ..................................................................................................................................................................... 

 ..................................................................................................................................................................... 

 ..................................................................................................................................................................... 

 ..................................................................................................................................................................... 

2.    u       v         u   0     v   0       

 1)    
2

vu     =  
22

vu  

 ..................................................................................................................................................................... 

 ..................................................................................................................................................................... 

 ..................................................................................................................................................................... 

 ..................................................................................................................................................................... 

 2)    
2

vu     =  
22

vu  

 ..................................................................................................................................................................... 

 ..................................................................................................................................................................... 

 ..................................................................................................................................................................... 

 ..................................................................................................................................................................... 

3.      u   =  5   , v   =  3       vu   =  4      vu      

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 
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4.    v,u       w        u   =  w    vu    =   wv      

      u       v      
5

       v       w      

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

5.     wu   =   1        w       v        u   =  j5i4      v   =  ji  

   w  

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 
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1.       

1.   

2.    

 

2.   

     u   =  

3

2

1

a

a

a

      v   =  

3

2

1

b

b

b

 

             

1221

3113

2332

baba

baba

baba

    k
bb

aa
j

bb

aa
i

bb

aa

21

21

31

31

32

32
 

            vu          

 

3.   

1.   

2.   

 

4.   

       1  

  1.      1 

 2.   

 3.    9.1     1,  3,  4 
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  2  

1.   sine  a   b   sinvuvu   

 2.    9    

 3.    9.1   2 

  3 

1. sinvuvu   

 

2.    9.2 

 

5.    

  9      1  .5 

 

6.   

   

1.    

2.    60% 

3.    80% 

 

7.   

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

 

8.   (  ) 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 

.................................................................................................................................................................................. 
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 1     u   =  

3

0

1

      v   =  

4

3

1

       vu  

       vu    = 

431

301

kji

   

    = k
31

01
j

41

31
i

43

30
 

    = [ (0)(4) - (3)(3) ] i  - [ (-1)(4) - (1)(3) ] j  +  [ (-1)(3) - (1)(0) ] k  

    = ( 0 - 9 ) i   - ( - 4 - 3 ) j   +  ( - 3 - 0 ) k  

    =  - 9 i   +  7 j   -  3 k  

 

 

  2    vu     

  ( 1 )  u   =    j3i2    ,    v   =    j5i  

  ( 2 ) u   =    k3i2  ,     v   =    j5i  

 

 

321

321

bbb

aaa

kji

         j      k     
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      ( 1 )     vu   =      

051

032

kji

   

             =      k
51

32
j

01

02
i

05

03
 

             =       [ (-3)(0) - (-5)(0) ] i  - [ (2)(0) - (1)(0) ] j  +  [ (2)(-5) - (1)(-3) ] k  

             =       ( 0 - 0 ) i   - ( 0 - 0 ) j   +  ( - 10 + 3 ) k  

             =       -7 k  

                 ( 2 )     vu   =     

501

302

kji

   

             =      k
01

02
j

51

32
i

50

30
 

             =      [ (0)(5) - (0)(3) ] i  - [ (2)(5) - (1)(3) ] j  +  [ (2)(0) - (1)(0) ] k  

             =      ( 0 - 0 ) i   - ( 10 - 3 ) j   +  ( 0 - 0 ) k  

             =     j7  
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   1.1  , 1.5   3    

   1.1      u     =   

3

2

1

a

a

a

  , v     =   

3

2

1

b

b

b

 

         vu      =   

321

321

bbb

aaa

kji

  

         vu   = k)baba(j)baba(i)baba( 122113312332  

 

 

1.    w,v,u          k    

 1.1  vu    =   - ( uv ) 

 1.2  w)vu(    =  )wu(    +   )wv(  

 1.3 )wv(u    =  )vu(    +   )wu(  

 1.4  )vk(u          =   k ( vu ) 

 1.5  ( k v)u )        =   k ( vu ) 

 1.6  uu          =   0  

1.7 ji   =  k   , kj   =  i   , ik   =  j  

2.      w,v,u         )wv(u  = ( vu ) w  

3.     0u      0v      vu  =   sinvu   

             u      v    ,   0
o
  <    <  180

0
  

4.     u      v      

          vu      u      v      
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         )uv(  =  

321

321

aaa

bbb

kji

 

 =   ]k)baba(j)baba(i)baba[( 211231133223  

 =   k)baba(j)baba(i)baba( 211231133223  

=      k)baba(j)baba(i)baba( 122113312332  

 vu   =   )uv(  

    vu      )uv(     

  1.5   u     =      

3

2

1

a

a

a

  , v     =   

3

2

1

b

b

b

    k   

   k u   =  k 

3

2

1

a

a

a

  =   

3

2

1

ka

ka

ka

 

               (k u ) v   =    

321

321

bbb

kakaka

kji

 

                                      =    k]b)ka(b)ka[(j]b)ka(b)ka[(i]b)ka(b)ka[( 122113312332

                     =    k)]ba(k)ba(k[j)]ba(k)ba(k[i)]ba(k)ba(k[ 122113312332
 

                                 =   k)baba(kj)baba(ki)baba(k 122113312332   

                =   k)]baba(j)baba(i)baba[(k 122113312332
 

                                 =   k( u v ) 

          (k u ) v    = k( u v ) 
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      4      v,u        vu         

vu uv       1  ( )    ( ) 

 

 

 

 

 

 

 

 

 

 

 

 

 3      a   =  ji2   ,   b   = kji2       sine      a      b  

        ba      =   

112

012

kji

   

          =     k
12

12
j

12

02
i

11

01
 

          =     [ (-1)(1) - (1)(0) ] i  - [ (2)(1) - (2)(0) ] j  +  [ (2)(1) - (2)(-1) ] k  

          =     ( -1 - 0 ) i   - ( 2 - 0 ) j   +  ( 2 + 2 ) k  

          =     -  i   -  2 j   +4 k  

                   ba     =     222
4)2()1(    =  1641  =  21  

                   a         =     222
0)1()2(   =  014  =   5  

                   b         =     222
112     =  114  =  6   

                                          

 

 

 

 

k

i
i

j  
j

O 
O

k  

vu  

u  

v  

uv  

 

v  

                                     1                              
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       ba   =  a b  sin    

             sin      =    
ba

ba
 

    sin      =    
65

21
    =  

30

21
    =   7.0   =  0.84 

 

 

 

 

 

 

 

 

                                                                                                       

   vu  =   sinvu      u    

v   

 

 4     ABCD   AB  =  j3i3     AD  =  kj2i3  

               ABCD     ADAB  

         ADAB    =  

123

431

kji

   

                 =     k
23

31
j

13

41
i

12

43
 

                 =     [ (3)(1) - (-2)(4) ] i  - [ (1)(1) - (3)(4) ] j  +  [ (1)(-2) - (3)(3) ] k  

                 =   (3+8)  i  -  (1 - 12) j  +   (-2-9) k  = 11 k11j11i   

         ADAB  = 222
)11(1111 = 311363121121121  

      ABCD        311    

 

 

 

v  

u

sinv  

 2 

  2        u     v  

  



⌫ ⌫   ⌦
⌫        94



⌦
⌦ 95

 1)  )ur(v)vu(r)rv(u  

        )uv(r)ru(v)vr(u)rv(u  

2)   u  , v     r     0)rv(u  

3)   3         

0)uu(r)rr(v)vv(u  

 

  6    kir,kjv,jiu      

                 )rv(u   

          rv         =  

101

110

kji

 

               =  k
01

10
j

11

10
i

10

11
 

               =   ((1)(1) – (0)(1)) i  -  ((0)(1)-(1)(1)) j  + ((0)(0)-(1)(1)) k  

               =   ( 1 – 0) i  - (0 -1) j  + ( 0 – 1 ) k  

    =   kji  

                )rv(u    =  )kji()ji(  

     =  )1)(0()1)(1()1)(1(  

     =  011  

     =  2     =   2 

                2     
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  9.1 

 

1.   vu     uv   

1) kj2iv,k3i2u  

…………………………………………………………………………………………………………..... 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

2) jv,kjiu  

…………………………………………………………………………………………………………..... 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

3) 

3

4

5

v,

0

7

2

u  

…………………………………………………………………………………………………………..... 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

2.      kjv,k4j3i5u  

1) vu  

…………………………………………………………………………………………………………..... 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 
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2) vu  

…………………………………………………………………………………………………………..... 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

3)        sine     u     v  

…………………………………………………………………………………………………………..... 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

3.     u   ,  v          v)u2()vu()vu(  

…………………………………………………………………………………………………………..... 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

…………………………………………………………………………………………………................. 

4.     

   

1) r)vu(  …………………………………………………………………………………………... 

2) r)vu(    …………………………………………………………………………………………… 

3) r)vu( ……………………………………………………………………………..…………... 

4) r)vu( …………………………………………………..………………………..……………... 

5) )rv(u ………………………………………………….………………………..…………….. 
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  9.2  

 

1.   kji2u     k2jiv     vu    

  u     v  

………………………………………………………………………………………………………...................... 

………………………………………………………………………………………………………...................... 

………………………………………………………………………………………………………...................... 

………………………………………………………………………………………………………......................

.………………………………………………………………………………………………………..................... 

………………………………………………………………………………………………………...................... 

………………………………………………………………………………………………………...................... 

………………………………………………………………………………………………………...................... 

2.    PQRS     k4j3PS,j2i3PO  

………………………………………………………………………………………………………...................... 

………………………………………………………………………………………………………...................... 

………………………………………………………………………………………………………...................... 

………………………………………………………………………………………………………......................

.………………………………………………………………………………………………………..................... 

………………………………………………………………………………………………………...................... 

………………………………………………………………………………………………………...................... 

………………………………………………………………………………………………………...................... 

3.  A( 0,2,2 )  , B( 8,8,-2 )    C( 9,12,6 ) 

………………………………………………………………………………………………………...................... 

………………………………………………………………………………………………………...................... 

………………………………………………………………………………………………………...................... 

………………………………………………………………………………………………………......................

.………………………………………………………………………………………………………..................... 

………………………………………………………………………………………………………...................... 

………………………………………………………………………………………………………...................... 

………………………………………………………………………………………………………...................... 
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4.   v,u      r      

1) kjr,jiv,kiu  

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

2) k2jir,kjiv,k4j3i2u  

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 

……………………………………………………………………………………………………………. 
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